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CHATS WITH 


paene MATHEMATICS presents 
for its eighteenth issue a group 
of articles on business statistics. 
In recent years, statistical analy- 
sis has come to play an important 


part in the business world and the 
· man or woman who is able to prepare 
and present reports based on correct 


statistical procedure is much ш de- 
mand in all kinds of enterprises. 

Much of the matter considered іп 
statistical method 18 simply mere 
common sense. Figures may be ma- 
nipulated in many ways, all of them 
mathematically correct, but not all 
of them leading to equally valid re- 
sults. Many a business has “‘gone on 
the rocks" simply because the figures 
employed in analyzing conditions were 
used incorrectly and hence produced 
misleading results. 

Many promotional schemes are so 
dressed up with “statistics” that they 
appear to tell a story which is far 
different from the truth of the matter. 
Figures don't lie, it is certain, but 
liars do figure. Not all false reports 
are out-and-out "lies" in the sense 
that the compiler of the figures has 


” deliberately set out to present a false 
picture of conditions. Not infre- 


quently, he deceives himself as well 
as his readers. 

In the small scope of one issue, it 
is impossible for Practica, МАТНЕ- 
MATICS to do more than sketch the 
part which mathematics plays in the 
field of statistical method. To gain 
a complete understanding of the sub- 


à ject, the reader should refer to any 


one of the number of excellent books 
which are on the market. The areas 
covered in this issue are those in 
which mathematics—principally arith- 
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metic, with a dash of algebra and 
coórdinates— plays a principal part. 
Throughout the discussion, we have 
suggested by means of cross references 
that the reader turn back to the vari- 
ous sections of earlier issues of Prac- 
TICAL МАТНЕМАТІСЅ where a fuller 
treatment of certain processes has 
been given. This serves a double pur- 
pose: it conserves space and at the 
same time stimulates a review of the 
earlier 1ssues. 

We begin our study of statistical 
method. with a consideration of a 
rather simple but typical example. 
Throughout the first section, we sub- 
mit the same figures to several differ- 
ent treatments and then compare the 
results. Іп most cases, we have used 
actual figures taken from some field 
of business or industry in our illus- 
trative examples. In a few cases, in 
order to simplify the computations 
and put the stress on the acquisition 
of facility in using the method, we 
have deliberately “manufactured” the 
data. In each case, the reader is 
apprised of the source of the figures 
so that he may know whether they 
are drawn from reality or have been 
prepared to help teach a principle. 

In those instances where it has been 
deemed necessary to use technical 
terms (so that the reader may be 
able to converse intelligently on the 
subject and to follow the treatment 
of standard works in the field of 
statistical analysis), we have defined 
the term directly in the text. | 

In discussing measures of central 
tendency, we have made a quick re- 
view of the discussion about the 
average which appeared in the num- 
bers of PRACTICAL MATHEMATICS 
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devoted to arithmetic and then have 
gone on to the presentation of addi- 
tional measures which have not pre- 
viously been introduced. Тһе chart 
(p. 1202) showing the utility of each 
of these measures, as well as any 
handicaps which may result from their 
use, Is worthy of considerable study. 
Familiarity with this chart will be of 
great assistance in helping the reader 
to avoid many of the pitfalls which 
are ever present in the use of statistics. 

In the section on measures of dis- 
persion, we have occasion to make 
mention of the Gaussian curve, or 
curve of normal distribution, which 
has come to be one of the important 
stand-bys in all statistical analysis. It 
should be recognized that the hypo- 
thetical normal curve is interpreted 
as being the exact record of an infinite 
number of cases. In any sample, no 
matter how large, we realize that we 
are merely attempting to judge the 
whole field by means of the cases 
which we have under view at a given 
moment. We do not expect that every 
computation will result in a normal 
curve; if that were to be expected, we 
should not need to go through the 
computational processes which we 
employ. What we are interested in 
doing is to see how the curves in which 
our computations result compare with 
the assumed normal curve. 


Throughout the discussion, the 


reader must keep in mind that his 
computations will lead to results 
which are only approximate. Each 
answer is subject to a certain degree 
cf correction because of "error". The 
use cf the word, error, in statistical 
work may need a bit of explanation. 
Py “error” in this sense, we do not 
mean that there is a mistake in the 
computations—that we have added 
2 and 2 to get 5, or something of that 
sort. Rather, we mean that the data 
have not been sufficient to give us an 
exact picture, but that we may make 
use of cur results provided we "take 
them with a grain of salt". For that 
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reason, when stating results, we al- 
ways give the reader an idea of the 
degree of accuracy of the figures. The 
reader who trains himself to do this 
regularly will find that he is con- 


sciously looking for the correction | 


factor when he reads statistical find- 
ings presented in the newspapers or 
in other sources from which the gen- 
eral public derives its information. 

The section on time series and 
variation shows one method by which 
the trend of developments in any 
feld may be judged. Indeed, it is 
possible by means of these formulas 
to predict the probable future de- 
velopment of an industry. The only 
caution to be observed is to remember 
that unforeseen factors may crop up 
ас а later date. to nullify to.some 
extent the usual course of events. 
Particularly in a time of great un- 
certainty such as the present war- 
time period, there 1s much likelihood 
that day-to-day developments will be 
such that predictions based on present 
trends may not actually come to pass. 

For instance, a business built up 
in a boom town wil undoubtedly 
suffer reverses if later a substantial 
proportion of the population moves 
away from the town in which the 
business 18 located; hence, any figures 
based on the present growth and 
development of that business must 
be considered as of a temporary na- 
ture, with consequent revision at a 
later date of the findings based upon 
them. 

The section on sampling gives a 
brief explanation of the methods by 
which such nation-wide investigations 
ав the Gallup Poll are carried on. 
Usually, each investigator develops 
his own formulas on which to base 
his findings, the exact nature depend- 
ing on the type of information which 
is being sought. The principles under- 
lying all of them are similar, however, 
and one who has mastered this section 
wil have a better basis by which to 
determine the extent of credence 
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which he will give such reports. Some 
investigations of this nature flourish 
for a time and then vanish from sight 
because the public loses faith in them 
after discovering that they have been 
based on false premises; others con- 
tinue for relatively long periods be- 
cause their originators have hit upon 
a remarkably accurate formula. Here, 
again, common sense as well as math- 
ematics 1s brought into play. 

We have devoted only a few pages 
to the matter of preparing index num- 
bers, largely because the present 18 
not an appropriate time for making 
much useof them. The uncertaintiesof 
war-time conditions are such that 
many of the index reports which have 
been current for a long period of 
years have been suspended. Our dis- 
cussion of index numbers and our 
illustrations of the manner in which 
several are derived is sufficient to 
show the reader the general principles 
involved and to indicate the extent 
to which they are credible. The reader 
who plots for himself the curves based 
on any two or three of them will dis- 
cover that the curves present a con- 
siderable degree of similarity even 
though the figures appear to be 
wholly dissimilar. We have not gone 
into the matter of interpreting index 
numbers because whole volumes have 
been devoted to this subject and even 
the makers of such numbers are not 
entirely agreed among themselves on 
all points of settling validity. 

As we approach the article on func- 
tional relationships, we engage in a 
bit of fascinating by-play. Here we 
introduce the subject with a coin toss 
that presents opportunities for ampli- 
fication through untold hours of repe- 
tition. By this simple little device, 
we open to the reader vistas of more 
or less amusing and profitable in- 
vestigations. 

The subject of correlation is one 
with which everyone working in the 
field of statistical method should be 
familiar. The many different forms 





of correlation offer interesting oppor- 
tunities for further investigation after 
one had become familiar with the 
general principles. Here, again, we 
have limited our discussion to the 
bare mathematical elements. The 
reader who is desirous of knowing 
more about the applications of corre- 
lation to specific problems is referred 
to the complete treatises on the 
subject. 

То a greater extent than any of its 
predecessors, this issue of PRACTICAL 
MaTrHEMATICS is besprinkled with 
formulas. It is not necessary that all 
of these be committed to memory. 
Rather, it 1s a better procedure to 
become familiar with their use and 
then to turn to the pages on which 
they are presented when it is desired 
to apply any one of them in an in- 
vestigation. То assist the reader, we 
have grouped them іп one spot (pp. 
1267-1269), so that they may more 
readily be brought into use when 
occasion demands. 

The many tables which are pre- 
sented in the final section of the issue 
wil be found of great help in per- 


forming the computations which are. 


demanded in the employment of the 
various formulas. To work all of the 
examples out long-hand would take 
countless hours which might be de- 
voted to better purpose. Іп this 
connection, the reader should not for- 
get the tables of common logarithms 
(pp. 126, 127), which will be of use 
in easily attaining the multipiications 
and divisions called for by a number 
of the formulas. If you want to do 
one or two of the problems in each 
group the “hard way" for purposes 
of finding out by comparison the 
extent to which the tables give you 
sufficient accuracy, well and good. 
From that point on, we advise you 
to make use of the tables and to 
"round off" your figures so that you 
may save your time and energy. 
On pages 1270 and 1271, the reader 


will find tables of the natural, or 























Naperian, logarithms. АП of the 
work in Practicar MATHEMATICS has 
been based on common, or Briggan, 
logarithms, but we have had occasion 


. to mention the Naperian system sev- 


eral times (pp. 219, 256, 690) and 
many of our readers have requested 
that we present the tables of natural 
logarithms in order that they might 
be able readily to compare the two 
systems. Тһе fact that the natural 
logarithms are printed in this issue, 
which 15 devoted to statistical method, 
should not mislead the reader into 
thinking that natural logarithms are 
to be preferred to common logarithms 
for statistical purposes. They аге 
given here simply to help the reader 
round out his concepts of logarithmic 
devices. 

For nearly two years, a staff of 
workers in the offices of the National 
Educational Alliance and more than 
thirty professors on the campuses of 
almost as many colleges and uni- 
versities have been engaged in dis- 
tilling out of the whole realm of 
mathematics those items which are 
essential to a practical working knowl- 
edge of the subject. We have con- 
centrated our attention on those sub- 
jects which are uppermost in the 
minds of men and women who are 
today engaged in carrying on war 
activities and in planning for the 
peace which we hope is not too far 
discant. Every problem has met the 
scrutiny of a number of experts; 
special assistance has been employed 
in solving, checking, and re-checking 
the solutions. 

To the countless numbers of readers 
who have taken the trouble to write 
their suggestions to the editor, we 
are all greatly indebted. Their efforts 
have enabled us better to estimate 
the reception which Practicar MATH- 
EMATICS has been accorded through- 
out the United States and even іп far- 
flung portions of the world. Not a 
few of our readers are actually en- 
gaged in personal combat, as 1s at- 
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tested by the number of V-mail 
letters which have come into the 
editorial office. Some are men and 
women well along in life; others are 
just beginning their careers. Their 
continued interest in this magazine 
throughout the period of its existence 
has been a constant stimulus to all 


of us engaged in the enterprise to put 


our best efforts into helping them to 
learn what mathematics is and what 
it can do for them. 


To them, as well as to the hun- 
dreds of students in his own classes 
who have served as "guinea pigs" in 
the stages when the manuscript was 
in preparation, the editor offers his 
personal thanks. The opportunity to 
try out some of the suggestions offered 
in these pages and to observe at first 
hand the extent to which they were 
readily understandable has greatly 
facilitated the preparation of the 
entire work. 


As a final word of caution, at the 
risk of repetition, the editor wishes 
once again to emphasize some of the 
suggestions which he has made in his 
earlier chats. You can't learn mathe- 
matics simply by placing the book 
under your pillow. А certain amount 
of hard, conscientious, persistent prac- 
tice is necessary to the mastery of 
any subject. As you find yourself 
growing “rusty” on any process (and 
all of us do if we don't keep ever- 
lastingly at it), turn back to the place 
where that process is explained and 
go over it step by step. You'll be 
surprised to discover how fast it all 
"comes back" to you. Above all, 
don't neglect the fundamental opera- 
tions of arithmetic. As we have 
warned you over and over again, 
ninety per cent of all mistakes in 
mathematics are due to failure to get 
these simple number combinations 
set down correctly. If the foundations 
are faulty, nothing based on them 
can stand. 


В. 5. К. 
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MATHEMATICS IN STATISTICAL METHOD: 
| By Reginald Stevens Kimball, Ed. D. 


: BEF ORE numerals—whether they represent counts or measurements 


—can be treated mathematically, they must be arranged in some 


sort of order so that they can be made to tell a story. The same set of 


figures can be interpreted in several different ways, with the result 
that several different stories may be read from them. All of these 
stories may be computationally correct, yet not all of them, strictly 
speaking, may be mathematically correct. It is our purpose, in the 
present article, to attempt to determine the correct method of analyzing 
figures to attain a defensible and reliable result. 


PUTTING FIGURES| In order to get a general idea of what 

TO WORK “statistics” ог “statistical method" is all 
as ADOUt, lét us first consider a typical problem 
of the sort frequently encountered 1n the business world. As we subject 
the figures to various interpretations, we shall be developing some of the 
concepts which we shall then study moré formally in the later sections 
of this article. | 





Illustrative Example 


Тһе sales tickets for a certain department іп a large store showed 
amounts for a given day as listed in Table 1. | 


TABLE 1 
SALES-TICKET TOTALS—IN ORDER OF OCCURRENCE 
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_ Taken as they stand, these figures present only a confusing jumble. 
are not able to determine at a glance the trend of the day's sales. We might 
arrive at this trend by totalling the items and taking the average (p. 61), 


| $360.00 +144 = $2.50, 
but this involves a rather lengthy addition which we desire to avoid if we 
can find another way of discovering what we want to know. 
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Orderly array 


One way of doing this is to re-arrange our figures in order of size, 
from the smallest to the largest. In this case, the figures would appear 
as in Table 2. | 


| TABLE 2 
SALES-TICKET TOTALS—IN RISING ORDER OF VALUE 


1:1157:::71.75.::22:5.89 2.13 2.28 2.45 2:50 2.55 2.72 2.87 ЗЛЕ 2327 
1.16 1.75 1.95 2.13 2.28 2.45 2.50 2.55 ` 2.12 2.87 3.11 3.39 
1:25 T1440 7. 31580 2:21 2.28 2.45 2.50 2.69 52D 2.89 3.17 ^ 3.45 
1.25 1.80 1.95 2.21 2.31 2.45 2.50 2.69 2.75 2.89 `. 317 -3.49 
1.27 1.80 1.95 2:21 2.31 2.45 2.50 2.69 2.75 2.89 3.17, 3.49 
1.40 1.81 2.01 2.25 2.31 2.45 2.50 2.69 2.75 2.89 319 3.52 
1.48 1.81 2.01 2.25 2.31 2.50 2.55 2.69 2.79 2.99 3.19: 3.60 
1.51 1.83 2.11 2.20 2.31 2.50 2.55 2.69 2.79 2.99 3.20 3.73 
1.51 1.83 2.11 2.25 2.31 2.50 2.55 2.69 2.79 305. > 3.20 3.75 
1.55 1.83 2.11 2.25 2.31 2.50, 2.55 2.72 2.79 3.05 3.25 3.75 
1.61 1.89 2.13 2.28 2.45 2.50 2.55 2.72 2.87 3.05::2523:25 3.84 
1.73 1.89 2.13 2.28 2.45 2.90 2.55 2.72 2.87 3.11 3.25 3.89 


We may now readily see that the largest sale was $3.89 and th 
smallest $1.11. Almost as easily, we see that the mid-point in the list 
is $2.50 and that there are more figures for sales of $2.50 than for any 
other amount. : 


Tallying 


Rather than re-copy all of these figures in this fashion, however, 
we could more easily have prepared a distribution table which would 
have given. us these same facts and several more. To do this, we could 
make use of the tally system as a labor-saving device. Ж 

The tally system consists of drawing a straight line for each occurrence, 
with a diagonal line drawn through four straight lines to indicate the fifth. 


Thus, НН НН И would indicate twelve (12). Its advantage lies in the 
fact that we have merely to count the groups | 
of 578 instead of having to count а large number TABLE 3 


of individual lines. When using this system, we PARTIAL TALLY OF SALES TICKETS 
first arrange our numbers in a column at the Биш таму E 
left and then, taking the numbers in the order 11 | 
of their appearance in Table 1, draw the check- 1.11 E ces 
mark for each in turn. Thus, we are sure that 112 


we have not skipped any numbers in making 1.4 


our tally. ЗЭ кө MERCI 
In ordinary practice, we should probably 117 | 


use every figure, beginning with what appears 119 
to be the smallest, so that our complete 120 
tally would look like the small portion repro- 122 


duced in Table 3. A firm daily engaged 123 


pw PEDI. | 1.24 AE 
in checking its accounts in this fashion would 125 . 2 
probably have printed or mimeographed (12 ; 2 


sheets of numbers to save the tedious task of | з ж. 
drawing up a long numerical list of this sort. In our reproduction of 
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the tally-table for the figures from Table 1, we shall, for the purpose 
of conserving space, omit numbers which did not actually occur in the 
sales of the day under consideration. Table 4 shows the final figures 
as thus determined. | 

These same facts might be portrayed graphically as in Fig. 1 (p. 
1188), where the interval between two consecutive lines on the X-axis 
represents twenty-five cents ($0.25) 


and the interval between two lines TABLE 4 
ыг the Y-axis represents one (1) COMPLETE TALLY OF SALES TICKETS 
ѕаје e 


: Де 
From these facts, we readily de- үр TUS OCCURRENCES 


| 
termine that the тоде (the figure 140 Ж | 
appearing most frequently) is $2.50. 12 1 
By а count of the number of cases 148 i 
(144), we find that the median* (the i3 1 i 
middle case) 18 also $2.50. 153 : : 
1.75 | | ђ 3 
Class intervals 181 1 2 
2 1,83 111 3 
In arranging frequency distribu- 19 ДЕ. 3 
tions, we get a better picture, ordi- 20 a5. 3 
narily, by grouping the numbers in 243 In 4 
class intervals, taking any convenient 225 Ing 4 
m 28 It 5 
range. For the figures which we have 231 Фат 11 7 
under consideration at present, we 2% iE В АО ето 
might take intervals of twenty-five. 26 pu > 
cents ($0.25), counting twelve and 22 HET 5 
one-half cents ($0.125) either way 22 EN 4 
from the even twenty-five cent figures, 2.89 Ir 3 
so that the even quarters would 305 ar 3 
represent the mid-values of each 317 11 3 
range. The distribution of tallies, 320001) 5 
under this arrangement, would take 32 ru й 
the form shown in Table 5. This 32 ! І 
is the form in which most concerns 34? 1 2 
would keep their tally sheets, rather 360 І 
than in the form shown as ап example 3% T 2 
of preparation in. Table 4. 3:89 | i 


Following the same plan that was 
used on page 232 1n developing a bar 
graph, we may, by placing our rectangular bars one next the other, 
develop a histogram, or column diagram, for these figures, as in Fig. 2. 
Here we see clearly that the bulk of the sales—roughly one-third 


-of the total—are found in the class intervals whose mid-points extend 


from $2.25 to $2.75, with the number of sales below $2.25 and above 
$2.75 tapering off sharply. 


- * The median for 144 cases is found by adding 1 to 144, getting 145, and then dividing by 2, the result being 
72.5. Since both the seventy-second and the seventy-third cases (cf. Table 2) are $2.50, we do not have to 


interpolate to find the value of the median lying between these two cases. 
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TABLE 5 у 
ТАЦҮ OF SALES TICKETS BY CLASS INTERVALS 

асна | Мулик © Taes ы 

2 т f 
0.875-1.125* 1.00 1 1 
1.125-1.375 1.25 1111 4 
1.375-1.625 . 1.50 MT 1 6 
1.625-1.875 1.75 LH HH | ЕЗ 
1.875-2.125 2.00 нн HH и. 12 
2:125-2:375 2:25 ын HH HH 1431-1111 24 
2.375-2,625 2.50 Hit + HH BED 14- dl 28 
2.625-2.875 Zein шн Hh ы HH пп 24 
2.875-3.125 3.00 HH + gy 12 
3:125-3:375 3:25 Hit HH | 11 
3:375-3.625 3.50 наа | 6 
3.625-3.875 3.75 1111 4 
3.875-4.125 4.00 ! 1 


If now we connect the mid-points of the tops of the bars in this 
histogram by straight lines, we get a curve, as shown in B ig. 3. шав 


shows us roughly the extent of the 
sales and at the same time tends ео ” 
give us а more intelligible picture | 
by eliminating the sharp corners of 9 
the rectangular bars. Тһе same 8 


curve is repeated in Fig. 4 (without в ЕР 
he bars). In this f шин 
the bars). Іп this form, itis known 5H 


as a curve of distribution or frequency з 
polygon. In this instance, we dis- 2 
cover that, if we fold the curve ! 
along a line dropped from its mid- 0 
point to the base-line, the two 
halves of the curve coincide exactly. 





T 
Ep ШЧ ЕН Еа РИ КА ШЙ qu 


LL LULA 
ec EE 


In other words, the curve is symmetrical. This is a good test of the 
reliability we may place upon our interpretation of the figures. Іп 


instances where the curve is not 
symmetrical, as we shall see in later 
examples, we need to consider whether 
some of the figures are so atypical 
or unusual that they distort the 
figure and handicap us in making 
our Interpretations. 


A normal curve of distribution, 


taking into account an infinite num- 
ber of cases, would follow the form 


shown in Fig. 5. This curvet, named for | 


the mathematician who determined the 
formula on which it 15 based, is also 






ee Л Г1Т ЕЕЕ 
ЕР Жата БІНЕН Е ES ЕЕ 
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0- 





*It should be noted here that the actual class interval is really Шы; as stopping insi short of 1.125 
(say at 1.12499999 . . . ) so that we may avoid the question as to where to include an item that is apparently 
at the upper extreme of one class and at the lower extreme of the next higher class, 


— х2 


2 
e 202 : 





~The formula for this curve is у эх У 














ome 


situation which we have been con- 


the ogives. Ап ogive is found by 
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known аз a Gaussian curve. The values of the ordinates of this 
curve are detailed in Table XCIX, 
page 1255. 


Ogives 
A further picture of the sales 


sidering may be achieved by finding 





tabulating the cumulative frequen- | 
cies; that is, as we. come to each $ A c9 cR st Q Vm 29208088 
class interval, we add to its fre- | Fig. 5 

quency all of the frequencies which 

have preceded. Cumulated frequencies may be reckoned from either 
end of the distribution range. Thus, we have more-than ogives and 
less-than ogives, as shown in Figs. 6 to 8. 

To prepare the ogive, we pick up the final figure in the first column 
and the number in the "frequency" column already presented in 
Table 5, adding another column for the cumulated frequencies. 

From this, for instance, we see that 34 sales were for less than 92.125. 
In the same way, we may just as easily determine the number of sales 


TABLE 6 --- | ян 


CUMULATED FREQUENCIES OF SALES —RISING ORDER авнаа 
120 У АЦЕ 





Ej 
| CUMULATED 100 
Less THAN | FREQUENCY FREQUENCY 


1.125 1 : 80 Ги ҮҮ 
1.375 | 4 Б во ДАДА У 


| · БЫЛО аи HB 
2.375 24 58 20 acm REED 
285 - 28 ee ГО 


3.125 12 122 ie 1875 2875 m 


3.875 4 143 Fig. 6 
1 





| 


| 








< 
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TABLE 7 
CUMULATED FREQUENCIES OF SALES —DESCENDING ORDER 
MORE THAN FREQUENCY ACE 
3875 | 1 1 
3.025 4 5 
3.945 --6 11 
3.125 ЇГ „22 
5 12 34 
2.625 24 58 
2.375 28 86 
2.125 24 110 
1.875 12 122 
1.625 ТЕ: 133 
1.375 6 139 
1.125 4 143 
0.875 1 144 





under any specified amount simply by reading the number which 
appears in the cumulated frequency column opposite the figure with 
which we are concerned. This ogive would be plotted as.in Fig. 6. 
To prepare the more-than ogive, we reverse the order of cumulation. 
In Table 7, the pertinent material in Table 5 is copied from bottom to 
top, this time taking the initial figure from the “class interval" column 
and the numbers in the “frequency column”. In actual practice, how- 
ever, the actual figures are not reversed. The more-than ogive for this 
table is shown in Fig. 7. | 5 
By plotting the two ogives on the same graph, as in Fig. 8, we can 
ascertain the mid-point of the sales values without resorting to the 
numerical computation which we performed on page 1187. The point 
at which the two ogives cross (in this case | 
$2.50) can be read directly from the graph— 140 
72 sales above $2.50 and 72 sales below that 120 
figure. | | 100 
The case which we have been considering 8 
thus far has involved a symmetrical distribu- вот 
tion, as we noted on page 1188 when we folded 4o ПО ГО 
the curve along the axis of 1ts central ordinate. о PENCE 
Most of the figures with which we shall have , 
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to deal in actual business affairs are not quite 08/5 18/5 2875 415. 


so accommodating. | ue Fig. 8 

Let us next consider а fairly simple case in | j 
which the curve is not symmetrical. This time, we shall group all 
of our tabulations in one table, in order that we may more readily 
make comparisons. In reading this table, you will want to take into 
account what has previously been said in connection with the prepara- 
tion of the different parts. | de 


Lilustrative Example 


The number of units of work completed each week by the various 
workers in a certain factory was found to be as shown in the third 
column of Table 8. | | 


aw 

















va 





median, the value of the — 
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TABLE 8 


|. WEEKLY OUTPUT IN TERMS OF COMPLETED UNITS 
NUMBER CUMULATED FREQUENCIES 
OF TALLIES FREQUENCY Less TOTALS 
PIECES THAN THAN 
n | 1 « » fn 
464 Ht 5 57 2320 
465 +t 1 6 11 52 :2790 
466 Нм 1 6 17 46 _ 2796 
467 ~ 11 7 24 40 3269 
468 ФЕР 11) 8 32 3744 
469 + пп 9 41 25 4221 
470 HH Il 7 16 3290 
471 HH | 6 9 2826 
472 111 3 57 3 1416 
- Totals Sf =57 >/п -26672 
; р Чэн и: Боји : 57-1. _ 
Моде =469 Arithmetic Mean =26672 +57 =467.9 Median =—5 th =29th =468 


We find the mode directly from Table 8, at the point, 469, where 
there is the greatest number of tallies, The mean may be computed by 
adding the figures in the “totals” column (which gives the product 
of each number in the first column multiplied by the corresponding 
number in the third column and dividing by the total number of cases, 
the total of the third column. The 
245 К ы. 


2 е 
case, here the дле orthe 29th 7 





case, would fall, as determined | в 
from either ogive column, some- 
where near 468. 

Plotting the distribution curve, 4 
asin Fig. 9, we note that the реак , 
is to the right of the central 
ordinate, but that the right half 2 


pex ы РРА АНЕ 
и РЕ. 


facts help us to understand why ` 464 466 468 470 . 472 
we do not get the exact corres- Fig. 9 

pondence of mean, median, and : 

mode that we did in the preceding illustrative example. However, 
there 18 a fairly close correspondence in this case, so that we should 





| 
E 
АДА ДА 










not go far wrong in our consideration 1f we relied upon any one of the 


three as our guide. 

Іп a case where a much greater divergence 18 discovered, one must 
proceed with caution in selecting any one of the three "averages" for 
further use. Fig. 17 (p. 1202) will be of great help in your analysis 
of these discrepancies. | P 

At this point, the reader may begin to wonder why 1t is necessary 
to prepare graphs as well as to tabulate the figures which are being 
considered. In actual practice, one who is skilled in this work would, 
many times, not go to the labor of doing both, as he would be able to 





visualize from the tabulated material the general appearance of the 
graph or to read from the graph a close approximation to the tabular 
values. Until one 1s highly familiar with the process, however, added 
и WEN comes from performing both tasks for the same set of 

gures. 522 | 

Having seen from this preliminary study of illustrative examples 
some of the procedures followed in putting figures to work, we are now 
ready to review the materials and to add to our knowledge of the 
terms employed. | 


TEST YOUR KNOWLEDGE OF FREQUENCY DISTRIBUTION 


1 Table « presents the random figures of production as reported by fore- 
men in a munitions factory. Tally these figures to show the frequency 


for each. 
TABLE с 

404 401 399 401 403 400 403 402 401 404 
407 403 203 399 399 403 400 403 401 ^ 403 
401 405 405 403 401 407 398 401 400 401 
398 399 398 403 403 403 405 401 399 
402 404 401 401 400 402 400 401 402 
404 401 405 404 402 399 404 401 
400 403 406 402 400 405 404 399 400 
402 408 402 403 404 405 404 401 402 
405 398 1 403 402 309 402 401 401 
403 202, 405 406 400 402 ^ 404 402 401 
402 398 399 403  . 400 401 400 400 402 

402 408 402 405 404 401 402 401 401 


| TABLE В 

5.15 5.29 5.49 4.73 4.92 . 534 4.71 5.19 5.38 5.19 
4.59 5:10 5.22 4.45 5.22 5.29 5:15 5:25 5.29 5.81 
5.17 5.72 5.15 5.69 СҮГ 5.79 5.17 5.97 5.45 5.10 
5.22 4.99 5. 5.99 5.38 5.85 5.34 4.55 5.34 5.25 
5.34 4.83 5.17 5.19 0:20: NI D 5.19 6.00 5.15 4.67 
4.89 5.39 5 5.34 5.95 4.51--:- 539 5.17 -5:25 5.83 _ 
6.05 5.29 5.25 522 5.00 5:52 5:22 5.29 5:92 4.49 
5.19 5:22 5.38 5.10 5.75 5:22 4.69 5.19 --"----5:39 5.75 
5.29 5.89 5.17 5.25 5:57. 518 5:12 5.25 5.25 5.34 
5.38 5.19 5.61 5:22 5.12 4.57 5.29 4.79 | 4,95 4.61 
4.75 5:22 5:25 5.38 5:22 5.12 4.47 5:34. 5.50 5-15 
4.65 5.39 5.12 4.63 5.25 5:25 5.29 5,17: 4,86 5.19 


3 Draw (a) the histograms and (b) the frequency polygons for the data 
presented in Tables о and 0. 22 | 

4 Prepare frequency tables and draw curves for them, based on the tables 
you have prepared in answer to problems 1 and 2. 


MEASURES OF The best-known measure of- central 

АЛТ: tendency, or average, is the one which we 

Е ЕК TRAL Te rather fully described in our early work 

in arithmetic (pp. 75ff.). Its special name, to distinguish it from other 

types of averages, is the arithmetic mean. lt may be expressed alge- 
braically as | 





Оо 
И -1а 
where Х is used to indicate the process of adding, 
| v= Ње value of each individual item 


and = m=the number of items. 
The process is shown on page 75. 
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For the weighted average, discussed on page 76, the formula is 
modified to take the weighting into account: 


m 2) (0) | 
n | D 
where w is used to indicate the process of weighting. 
The arithmetic mean in frequency distributions. 


In the case of a frequency distribution involving class intervals, 
we get an approximate average by taking | 


Ma" ЗУ») | Їс 
ог аз Ма Жұл, | Id 


Returning to Table 5 for our example, we could here determine the arith- 
metic mean by multiplying each mid-value by its frequency, adding the 
products, and dividing by the number of cases as shown in Table 9. 


360 
Then МА == = 2.50. 
У rcm am ЕУ) 
TABLE 9 
MIB-VALUE COMPUTATION OF SALES TICKETS 
CLASS Мір- doge 
ЛАТ DE FREQUENCY PRODUCT 
1 т 7j fm 

0.875-1.125 1.00 1 1.00 
1:125-1:375 1.25 4 5.00 
1.375-1.625 1.50 6 9.00 
1.625-1.875 1.75 11 19.25 
1.875-2.125 2.00 12 24.00 
2.125-2.375 2.25 24 54.00 
2.375-2.625 2.50 28 70.00 
2.625-2.875 2:75 24 66.00 
2875-3125 3.00 12 36.00 
3:125:3:375 3.25 11 З5.75 
3.375-3.625 3.50 6 21.00 
3.625-3.875 3:75 4 15.00 
3.875-4.125 4.00 1 4.00 

Xf-144 X(fm) —360.00 


The fact that we have taken mid-point values instead of the whole range 
of values does not change the total in the case of a symmetrical distribution 
because any excess at one point 1s compensated for by a like deficiency at 
another point, and vice versa. Even though we do not get exact compensation 
in some non-symmetrical cases, the greater ease of computation is an argu- 
ment in favor of using this formula whenever the number of cases involved 
is extremely large. 


The median 


The median, the point on either side of which half the values in 
the series Пе, is found by arranging the figures in an ascending or a 
descending order, counting the number of cases, adding one to the 
number thus obtained, and dividing by 2. 


м, "+1 





2 | Па 
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Given the ог 30, 35, 40, 45, 50, 55, and 60, representing the 
number of cents per hour paid to 7 different employees, w we find that 
here 72-47. Then 





The fourth item, counting from either end (in this instance, 45), 
represents the median wage. 


If there is an even number of cases, as there would be if we eliminated 
the initial 30 from the list just utilized, we get a fractional point 
for a median. We should find here 


OG Ho ST ал с 


ОООО 8.0. 


The third item from the left would be 45; the third from the right 
90; the median would be half-way between the two numbers, at 47.5. 


Sometimes we have to find the median by interpolation. Here we 
take Ма= 7. 


Let us s a case in which the employees of an organization are 
classified according to age, as shown in Table 10. 





TABLE 10 
AGES OF EMPLOYEES 
AGE Mip- NUMBER OF ташин FREQUENCIES 


INTERVALS POINT | EMPLOYEES Less THAN ORE THAN 
4 77. f < > 

22.5-27.5 25 120 120 

27.5-32.5 30 152 272 1893 
32.5-37.5 35 170 442 1741 
37.5-42.5 40 214 656 1571 
42.5-47.5 45 410 1066 1357 
47.5-52.5 429 1495 

52.5-57.5 55 259 1754 518 
57.5-62.5 60 152 1906 259 
62.5-67.5 65 107 2013 107 

n =2013 
Considering the number of cases, 2013, we find that 
Uoc 
z= 1006.5. 


This figure would lie between 656 and 1066 in the “less than" column 
or between 947 and 1357 in the “more than" column. Both of these 
ranges are opposite the mid-point value, 45. | 

Using the less-than frequencies, we subtract the smaller number; 
656, from both the larger number and the median. | 


1066 1006.5 
— 656 — 656 
. 410 e E 5 





шэг 
Thus, 1t is ; evident that the exact median lies Э of the way e 
the interval, or at 


350.5 1752.5 d 
42.5--———— 110 5242. 5-F—- 210 --42.5--4.27--46.77. 





99. 
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Had we used the more-than frequencies, our computations would 
have been similar; again we should have subtracted the smaller figure 
from both the larger figure and the median: 





1357 . 1006.5 
— 947 — 947 
410 59.5 
125915 297.5 
47.5 — 210” “Б--47.5-- "io —_~- =475—0.73 =46.77. 
This procedure may be reduced to formula thus: 
HU ва і IIb 


where Г; = е lower limit of the class in which the median appears; 
У, = сотијабоп of frequencies to lower limit of the median class; 
f 7 the class frequency; 





and {=the class interval, 

Ог. „Ма= 1, — „1 ЇЇс 
| y 

where з= Һе upper limit of the class in which the median appears; | 

and О-сатшайоп of frequencies to upper limit of the median class. 

The mode 


The modal average, or the mode, is the term used to designate that 
figure which most frequently recurs in a group or series. When the 
number of cases under consideration is small, the mode is of little 


_ value as an index to the trend of the whole series. Its value as ап 


index increases 1n proportion to the number of cases considered. When 
we are dealing with individual items, the mode 1s, of course, determined 
exactly. ТЕ 18 that one of the items which appears in the list most 
often, as we saw on page 1187 when considering Table 2. 

When we are dealing with a frequency distribution expressed in 
class intervals, the mode cannot be determined with the same degree 
of exactness. We can approximate it, however, by an inspection of the 
frequencies in the various classes, using the formula, 


ti = 
AME ЇЇ! 
dup 


where L,,=the lower limit of the frequency group which contains the mode; 


Әт the frequency of the class interval next higher in order than the 
modal group; | 
С 


and Ji- the frequency of the class interval next lower in order than the 
modal group. 
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"Ја the case of a "perfect distribution", such as the one we were 
considering in Table 5, we look for the largest number in the frequency 
column. Finding 28 opposite the class interval, 2.375-2.625, we select 
the lower limit, 2.375, as our L,. The frequency of the next higher 
class, 24, 18 the figure we want for А and the frequency of the next 
lower class, also 24, will be substituted for 7. 

Placing these values in our formula, we get 


Ме =2375+ 1347 025--2.375--25.025 


=2.375--0.5(0.25) =2.375--0.125 = 2.50, 


the exact figure which we have already determined by inspection. 
(We have gone to this labor here simply for the purpose of demon- 
strating the working of the formula.) 

If we had been working with a group of figures in which the dis 
tribution was not perfectly symmetrical, we should not have obtained 
quite so accurate a result. Let us consider the situation shown in 


Table 11. 
TABLE 11 
ANNUAL SALARIES OF EMPLOYEES 
CLASS Мір- 5 CUMULATED FREQUENCIES 
INTERVAL POINT FREQUENCY PRODUCT Liss Тнах ` MORE THAN . 
7 т Ji fm < > 
$1150-1250 1200 4372 5246400 4372 54572 
1250-1350 1300 329€ 4288700 7671 00 
1350-1450 1400 i 3003 4204200 10674 46901 
1450-1550 1500 3587 5380500 14261 43898 
1550-1650 1600 4092 6547200 18353 40311 
1650-1750 1700 11129 18919300 2 36219 
1750-1850 1800 18578 33440400 48 25090 
1850-1950 1900 3238 6152200 51298 6512 
1950-2050 2000 1971 3942000 53269 3274 
2050-2150 2100 | 1303 2736300 54572 1303 
Ef =54572 Хут =90857200 


First, let us plot them as in Fig. 10. Then by formula III, since 








125-7750; 
F hm == 3238; | | 
Jisslll29; 20,000 ББ ЕКОО р 
18,000 ^ 
e нэ вооа 
М.-%81750--119023248 7199 14,000 
ee sooo [wena ПЕШ 
-81750-- з= Bes "ipee ІНІН 
58175023 53- $1772.53 8200 ене L 
а Бас pu 21211 EST SES 


Let us see how this compares 
with the median and the mean. 
Using formula Id and taking the 
values from Table 11, we have: 


_ 90857200 
ИМА = “-Б4579 Т =21664.91. 













6,000 


че ttt Е 
so] MM 
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Fig. 10 
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To employ formula IIb in computing the median, we substitute these 
values, determined from the same table: 


L1 1650; 5 


27296 — 18353 
‘Mi= | ге 


Z 27286: 3;—18353; /= 11129; and 2=100. 


893300 


100=1650--—+а- 11129 =1650+80.27 = 1730.27, 


а number which agrees with neither the arithmetic mean nor the mode. 
п this last computation with formula IIc, where 





[2=1750 215 — 20090, 
2 27286 —25090 219600 


an exact correspondence with our previous computation. А E. of 


the ogives, as in Fig. 11, gives 
further corroboration. 

. This is а good illustration of 
a skewed distribution (see 
page 1212). When the dis- 
tribution is skewed toward the 
the high values, we should 


0,000 

= РАИ 

ЕЛЫК 
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always find 30,000 | 
| : МА<М.<М., 25000 БЕРЕР 229 
whereas if it were skewed НН 
toward the low values, we 20099 
should find exactly the орро- 15000 
site, | 10,000 
M4» Mag» Mo. 5.000 Ж. 

Determination as to which "Ti 

of the three measures is the 55 ЕРЕ TES 500 


most significant can be madein 
any instance only after a close 
examination of the frequency tables to try to discover which factors 
are responsible for the distortion. The presence of a disproportionate 
number of items at either end of the scale will cause a skewing of the 
figures with the result that the "average" (the arithmetic mean) will 
be pulled in that direction to such an extent that it may not present 
a true picture of conditions. If the mode 18 found too near either end 
o the scale, it, too, will not be representative. | 


На. 11 


TEST YOUR KNOWLEDGE OF COMMON MEASURES OF CENTRAL TENDENCY 


5 Compute the arithmetic mean for the data presented in Tables « and 0. 

6 Find the median for the figures shown in Tables « and 8. Compare the 
results of your computation with the points at which the ogives meet in 
the graphs you prepared in answer to problem 4. 

7 What is the mode for the data in Table о? 

8 In the case of Table 6, determine (a) the class interval in which the 

: mode occurs; (b) the interpolated value of the mode. 
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Тһе geometric mean 


When we are concerned with averaging ratios or rates of change, we 
shall find the geometric mean a better guide than the arithmetic mean. 
It is found by obtaining the product of the items and then extracting 
the zth root of the product (и representing the number of items): 


; ^ Ме= V di • (9 • (23 9 . , . • ёл ыг 
Does this sound like a particularly hard job? It would be if we had 
to perform the actual multiplications, but, fortunately, we can put 
logarithms to work for us. Remembering what we have already learned 
about using logarithms in order to avoid laborious multiplication 
(pp. 93-97) and for the purpose of extracting a root (p. 100), we may 
resolve the formula into a more usable form: 

ios Mz" 08 aut log с xe +106 an 
In the case of a frequency distribution, this becomes: 


lcs ;Mo- P log 71--f» log m+f log Wa... thn log mn IVe 


IVb 


4-4 
Table 12 shows the ratios of 86 companies, arranged according to 
class intervals. 





TABLE 12 
COMPARISON OF 86 COMPANY RATIOS—BY CLASS INTERVALS 
CLASS Мір. 5 
INTERVAL POINT FREQUENCY 
4 т 32 fm log т flog m 
40-50 45 3 135 1.65321 
50-60 14 770 1.74036 24.36504 
60-70 65 17 1105 1.81291 30.81947 
70-80 75 24 1800 1.87506 45.00144 
- 85 15 1275 1.92942 28.94130 
90-100 95 ii 1045 1.97772 _ 21.75492 
100-110 105 2 210 2.02119 . 4.04238 
| Х/-86  . X(fm)-6340 E(f log m) =159.88418 
159.88418 
Then log Мс == забите == 1.85912 
АМағ-72.29, 
6340 
whereas МА = 26727 (9. (2; | 


In the case, the difference between the arithmetic mean and the 
geometric mean is scarcely suffi- 
cient to warrant the additional 99 
labor involved in computing the 20 
latter but there are occasions, as 





indicated on page 1202, when it x 
is wiser to utilize this form of 0 
average. | 5 

Plotting the facts in Table 12 a 
by the ordinary method gives us 45 55 65 75 85 95 105 
а curve such as that shown in Fig: 12 


Fig. 12. Since we are here concerned with ratios, however, it would 
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frequencies, are on the Y-axis 
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be more reasonable to use a logarithmic scale, by which we may more 


readily make comparisons as to the true relationships existing at all 


times between the items. | 


LOGARITHMIC GRAPHS 


Logarithmic graph paper is ruled in accordance with the principles dis- 
cussed in the introduction to logarithms (p. 90) and the slide rule (p. 102, 
paragraph 5). Semi-logarithmic graph paper has logarithmic rulings on one 


scale and arithmetic rulings on the other. Fig. 13 is a diagrammatic repre- 


sentation of the difference in the two rulings. In the upper line, the numbers 


are evenly spaced, after the fashion of the familiar "ruler" or yardstick. 


In the lower line, we have three logarithmic scales, the first extending from 


] to 10, the second from 10 to 100, and the third from 100 to 1000. 


io E Or 3 ЕЕ. Вю Eve ЕКЕ а ss 


15 25 ,35,45 | 5 25 ,35,45 150 250 350 
i | 2 3 456 8:100 20 30 40 60 80100 200 300. 500 1000 
Fig. 13 


In the upper scale, half-way intervals are marked, so that we see that 
1.5 is exactly half-way between 1.0 and 2.0. In the lower scale, the spacings 


are not identical, but follow logarithmic principles. Here 1.5 1s considerably 


nearer to 2 than it is to 1; 15, in the middle portion, 1s the same distance 


from 10 that 1.5 is from 1; similarly, 150, in the third portion, 18 at a corre- 


sponding distance from 100. In using logarithmic scales, we may let the 


first portion of our scale represent any multiple of 1 to 10 that we desire; 
‘succeeding portions will represent, in order, the next higher multiples of 10. 
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(perpendicular). Indicating the MERE 89:39:83) 
ratios on the X-scale, we place the dp 22 
frequencies on the Y-scale just as we did in the coórdinate graph of 
Fig. 12, but the slopes of the lines are somewhat different, so that the 
picture will be interpreted in a slightly different but more accurate 
fashion. : m 

While we are on the subject of logarithmic graphs, we shall digress for 
a moment to take note of a case which calls for using the logarithmic scale 
in the upright position (the Y-axis). Figs. 15 and 16 are representations 
of the populations of New York City and Chicago, respectively, at 10-уеаг 
intervals from 1870 to 1940. In Fig. 15, the figures are plotted on a coór- 
dinates graph, while in Fig. 16 the same facts are depicted on a semi- 
logarithmic graph. Since we are chiefly concerned, in comparing population 


The facts of Table 12 plotted оп ,, 
a logarithmic scale are shown in 
Fig. 14, where the paper is placed 20Г 
in such a way that the logarithmic 15 
spacings, representing the ratios, 
are on the X-axis (horizontal) and 
the standard spacings, representing 5 
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growth, in the rate of change rather блп the amount of change, the slopes 
shown in Fig. 16, in which the rates are held to a constant proportion by 
use of the logarithmic ruling, assist the eye to make a clearer interpretation. 


The harmonic mean 


For averaging time rates, the harmonic mean gives us some ad- 
vantages. This mean is found by taking the reciprocal (p. 167) of the 


arithmetic mean of the reciprocals of the values with which we are 
dealing. In words, this nit шаа in formula, 1t becomes clearer: 


1 
|I) 
ала м 
Мн | 

Let us suppose that one workman is found to require 10 ши to 


у 

















LETT азов | 
УГ Е 


51 
EL ELI 
CEE 


MILLIONS 
















54 8 
a s ELE ВЕ 12 Е 
= и i EET OMEN р 
| ЖИ ЕЕЕ 
ТУГ Г ҚАНЫМЕН ЕКЕ 
Hy |- 


HUNDRED THOUSANDS 


ан 1880 ти 900 1910 1920 1930 1940 1870 (880 1890 1900 19/0 1920 1930 1940 


Fig. 15 Fig. 16 

turn out a piece of work, another requires 12 minutes, another 15 
minutes, and the fourth requires 20 minutes. 

By obtaining the arithmetic mean, we find that 

10+12+15+20 _ х 
4 

represents the “average” time of du group to produce a unit. 

Considering the facts differently, we find the output per hour to be: 


= 14.25 minutes 


UNITS PER HOUR 
6 


First тпап 

Second man 5 
Third man 4 
Fourth man 3 


— 


Total 18 


Dividing 18 by 4, the number of men, we get 4.5 units per man аз the. 


"average" output per hour. Then 92 13.333 . . . would seem to Бе 
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the "average" time per unit. We have here a discrepancy of nearly а 
whole minute per unit, enough to make a serious difference in a week's 
output. How may we be sure which, if either, of these figures may be 
relied upon? This is a case where the harmonic mean will help. 


1098 ЖЕМ ДРИНИ D wo. Oo „16 
1 (анан) a 60 680 0 496,5. 
Me 4 Е цэгээ иг шань 


Then Mags 19.399... 

To avoid the necessity of making a fresh computation each time we 
need to find the reciprocal, as in the last step above, we may make use 
of a table of reciprocals, such as Table C. The table as presented on 
page 1256 gives values of the reciprocals for all numbers from 1 to 10 
at intervals of 0.1. We may extend its range considerably merely by 
moving the decimal point.* 

Finding that the reciprocal of 7.5 is 0.13338, we may extend our 
reasoning as follows: 


| 1 i 1 
7.5 0.13333 1.9 0.13333 
15.0 0.013333 0.75 13338 
750.0 0.0013333 0.075 13555 
7500.0 0.00013333 0.0075 153.38 
etc. etc. 


This procedure holds, then, for all decile multiples and sub-multiples 
of the sequence of numbers presented. 
Let us take an example of number sequence which does not appear 


in the table, such as 3.24. From the table, we find the values for ^ 
1 1 


and 33 Ге 18 apparent that the value of 351 will lie between these 
two values. Interpolating after our usual fashion (p. 95), we may 
achieve a reasonable approximation to the desired value. For extensive 
work, of course, use of larger and more finely graded tables will elim- 
inate the computation of interpolations. 


The quadratic mean 


One further "average" which is frequently employed in statistical 
work is the quadratic mean, found by taking the square root of the 
sum of the deviations from the arithmetic mean divided by the number 
of items: 


X (d)? | 
Mo= 4*7 Ута 
where d — the deviation from the arithmetic mean. 


*Remembering that the reciprocal of a given number is the number which, when multiplied by the given 
number, produces а result ot 1, we may see that, when we move the decimal point of п one place to the left, 


we must move the decimal point of = one place to the right, and vice versa. 
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A slightly more usable formula for grouped data, making it unneces- 
sary to select the exact arithmetic mean, 1s: 


where 4, = the deviation of the mid-point of each class interval from the mid- 
point of an arbitrarily selected group. 


VIb 


For this reason, the quadratic mean is sometimes known as the stand- 
ard deviation (designated by the G eek letter, c). It is in this form 
that we shall meet it again on page 1210. 

The principal facts relating to the various forms of average are 
tabulated, for convenience of reference, in Fig. 17. 


DESIGNATION 


Arithmetic 
mean 


Weighted 
average 


Median 


Mode 


Geometric 
mean 


Harmonic 


mean 


Quadratic 
mean 





MEASURES OF CENTRAL TENDENCY 


FORMULA 


I 


П 


ПІ 


IV 


VI 


Озк 


Determining the 
typical “average” 
case. 


When Original observa- 
tions аге symmetri- 
cally distributed, 

AMA = Ма = Mo. 

When distribution has 
more low values, 


Ма» Ма» Мо. 
When distribution has 
inore high values, 


МА « Ма « Mg. 


Computing rates of 
change or index 
numbers. 


Averaging rates 
when the variable 
factor should be 
made constant. 


Computing stand- 
ard deviation. 


Fig. 


ADVANTAGES 
Simply computed. 
Can be employed in 

further algebraic 
manipulations. 


Overcomes distortion 
to some extent. 


Simply calculated. 

More typical than 
the arithmetic 
mean. 

Influenced by the 
number rather 
than the size of 
extreme Variations. 


Most typical and 
most descriptive. 
Can beapproximated 
by observation. 
Less affected than 
the median by ex- 

treme items. 


Gives consistent re- 
sults when used to 
average ratios. 

Less affected than 
the arithmetic 
mean by extreme 
values. . 


Holds constant a fac- 
tor which appears 
variable in the 
"data. 


17 


DISADVANTAGES 


Influenced by 
extreme values. 


Still shows influence 
of atypical values. 


Not generally 
familiar. | | 
Cannot be used in 
further computa- 
tions. 

Larger standard and 
probable errors. 
(See pp. 1234-1236.) 


Difficult to ascertaia 
exactly. 

Not capable of fer- 
ther manipulation. 

Significance limited 
when number of 
cases is small. 


Relatively difficult to 
compute. 


Cannot be deter- 


mined when zero / 


or negative values 
appear in the 
series. 


Cannot be deter- 
mined when zero 
appears in the 

Series. 
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TEST YOUR ABILITY TO COMPUTE OTHER MEASURES OF CENTRAL TENDENCY 


9 Compute the geometric means for the figures in Tables о and 6. Com- 
pare these with your previous computation of the arithmetic means in 
answer to problem 5. | 


10 Compute the geometric mean for the data in Table 7, "e 
which shows the net earnings of Federal Reserve $ 
Banks each year from 1926 to 1941. Plot the figures Yrar EARNINGS 


in Table y on (a) coórdinates graph paper; (b) semi- 2 и 
logarithmic graph paper. 1928 32.122 
11 Table 8 shows the number of minutes required by 1929 36,403 
each workman in a plant to complete a finished unit of m 226 
work. Compute the harmonic mean. 1932 22.314 
12 Workers in a mailing room completed the following 1933 ША 
insertions per hour: 771, 946, 612, 1025, 997, 869, 743, 154 Pr 
894, 659, 791, 1009, 880, 828, 974, 1132, 811, 907, 783, оз 8,512 
842. Using your knowledge of measures of central 1937 10,801 
tendency, prepare a report showing the average 1938 9,882 
expected performance per day and the estimated total 199 кен 
output 24 the mailing room in a 40-hour week. Note 
the arithmetic differences between the harmonic mean, TABLE à 


the arithmetic mean, the median, and the mode, and 


note also the amount of variance to which these differ- — MINUTES Frequency 


ences will expand when applied to the weekly output. 7 3 

8 7 

9 15 

MEASURES ОЕ | Even though we have arrived 4 1 
DISPERSION |80 а typical value, one or 12 2 


tae another of the measures of 

central tendency discussed in the preceding section, we shall find that 
it is of little use to us unless we know something about the distribution 
of cases. An “average” of widely scattered figures may mean nothing 
at all. In a case where several very large or very small items tend to 
distort the average, it may be desirable to eliminate these before 
taking an adjusted average. 

In many businesses, a few executives are paid much higher salaries 
than are any of the other employees. To average in the salaries of 
these few individuals would raise the computed average of the entire 
group to a level which would not be representative of the group as a 
whole. 

As a case in point, let us take the actual salary schedule of a small 
school system, in which the teaching force was paid as follows: 


Superintendent. $4000 Elementary-school principal 91250 
High-school principal 3000 Elementary-school principal 1250 
Athletic coach-teacher 2400 Elementary-school principal 1250 
High-school teacher 1800 Elementary-school teacher 1200 
High-school teacher 1800 Elementary-school teacher 1200 
High-school teacher 1800 Elementary-school teacher 1200 
High-school teacher 1600 Elementary-school teacher 1200 
High-school teacher 1600 Elementary-school teacher 1200 
High-school teacher 1300 Elementary-school teacher 1100 


High-school teacher 1300 Elementary-school teacher 1000 
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When a question of raising teachers' salaries came before the finance 
committee of the employing town, the chairman of that committee 
argued that the teaching force was reasonably well paid, as compared 
with other towns in that vicinity. Taking the total salary pay-roll of 
$32,450 and dividing by the total of teaching employees, 20, he arrived 
at $1622.50 as the "average" salary paid the teachers in the community. 

The teachers, on the other hand, contended that there was a big gap 
between the salaries paid the full-time classroom teachers and the 
salaries paid the men in the three top-salaried positions, which in- 
volved administrative as well as teaching duties. ЈЕ would be fairer to 
exclude these three figures as atypical before proceeding to determine 
the "average" salary paid the teachers. The 17 whose duties were 
chiefly teaching (including the elementary-school principals, who in 
this system were also classroom teachers) received а total annual 
salary of $23,050, an average of $1355.88. The figures were fur- 
ther broken down to show that the 7 high-school teachers received 
a total of $11,200, an average of $1600.00, while the 10 elementary- 
school teachers received a total of $11,850, an average of $1185.00. 
This is a good example of the way in which the inclusion of figures not 
strictly comparable may lead to conclusions which, even if mathe- 
matically correct, have little validity. | | 

The fact that the average age of a man aged 39 and his son aged 3 
was 21 would certainly not be interpreted as giving both of them the 
right to register as voters! | 


The range 


Before beginning to compute figures, then, it is obvious that we 
must first subject our items to careful scrutiny, to determine to what 
extent they will help us to arrive at a reliable guide. First of all, we 
may consider the spread of the figures. 5 

Тһе range is simply the spread between the largest and the smallest 
figures. ТЕ is expressed either as a span from the minimum to the 
maximum or as the result of subtracting the minimum from the 
maximum. 

I c pnis | Vila 
К = аһа — min VIIb 


As the maximum and the minimum are easily discernible by a mere 
inspection of the figures, the range is obtained very easily. Since no 
other figures are taken into account, however, the range may. be 
affected tremendously by an “unusual” case at either extremity of the 
distribution (as in the first calculation of teachers' salaries). 

For the case presented in Table 2, we find that the range is 

| R= $1.11-$3.89 | 

ог R=$3.89 —$1.11 =$2.88. 

For the case considered in Table 7, we find a much smaller range, 

| : R -464-472 

Or | R=472—464=8. 
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Again, in the case shown in Table 10, the range 18 
у R,=22.5-67,5 
or R,267.5 —22.5 —45. 


Note that, in this last, case, we take the extremes of the class inter- 
vals, even though we are not certain, from the facts at hand, that any 
case actually drops as low as 22.5 or rises as high as 67.5. This, then, 
is only an approximate range and 18 so indicated by the subscript, a, 
standing for "approximate". 


In the same way, for Table 11, we arrive at 
Ка = 1150-2150 
ог К, = 2150 – 1150 = 1000. 


Quartile deviation 


То avoid some of the effects of extreme values on the range, we may 
divide our figures into four equal groups, marked by quartiles. The 
first quartile (designated as Qı) is located at the point where 25 per 
cent of the items fall below and 75 per cent lie above; 0, is the point 
at which 50 per cent of the items lie below and 50 per cent rise Шо 
Оз is the point at which 75 per cent of the items appear below and 
25 per cent above. 


Since Q;— Ма in a symmetrical distribution, we may simply take 
the formula for the median (IIa) and repeat it as our formula for the 
second quartile: 


0=5 . VIII 


Since Qe represents 50 per cent of the cases and Q, represents 25 
per cent (or one-half that many), it is obvious that 


7 
=. | ЇХ 


Then the third quartile may be found Бу multiplying the first 
quartile by 3, so that 





(Оз = 4 . X 

By definition, it is obvious that 50 per cent of the values lie between 

the first and the third quartiles. The difference between the two 
quartiles, called the interquartile range, 1s expressed by 


IOR-Qs—O;. XI 


A small interquartile range indicates a large degree of uniformity, 
while a large interquartile range indicates a lesser degree of uniformity. 


The semi-interquartile range is, as its name indicates, merely the 
IQR divided by 2. This value, known as the quartile deviation, affords 
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a means of measuring the average distance of each quartile from the 
median. То secure this value, we divide the difference between (0; and 
Qi by 2. | : 

Ору= 99. | хп 
Measuring this value along the line of range in either direction from 
the median gives us a range which will include roughly fifty per cent 


of the cases. In a symmetrical dis- 
tribution, the median plus or minus 
the quartile deviation will include 



































exactly fifty per cent of the cases. ео 
їл comparing the dispersions 111 two SALES-TICKET QUARTILES 
separate distributions, we may make AND DECILES 
use of either the coefficient of varia- Қазы cid e. 
tion or the coefficient of quartile 1.11 1 
deviation, the latter known also as the 110 > 
coefficient of dispersion. These are n 1 
relatively simple to use and their 1.48 1 
computation follows logically on the 1.55 
formulas which we have just been 123 1 5 
considering: laps eT : 
Q —Q 1.81 2 
Dos = XIII 1.83 3 
Оз--О1 195 3 
5 п у р: 
‚ Ma 2:21 j 4 
By the use of either of these tests for саа асе Ds 
any measure of relative variation, we 201 налети Ds 
may determine how closely the two м 4 2:80 «—— 02 — —12 — Ds 
or more distributions resemble each БӘ. едг ыз дч желден ун 
other, even though they are ex- о Э D; 
i 2.79 4 
pressed in different units. 28 H : 
Ч DE E d D 
Decile range 7 2.99 3 à 
“Їр determining the decile range, we SM 3 
divide the values into ten groups, 3.19 2 
each containing one-tenth of the fre- 525-25-51 2 Do 
quencies. The computation is similar 3,39 E 
to the formulas for computing quar- 3.49 2 
‘tiles: 3:20 1 
E = | 
Бүл р ES 334 
| 3.89 1 
and so on up to 
9» 
Ds-L. XVI 
НО EE : 
Note here the special case, D;, in a symmetrical distribution: 
| On -Hn 
Dg === (02 == Ма. | ХҮП 


"10979 











өт 
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The decile 1-9 range, also called the 10-90 percentile range (since 
a decile divided by 10 equals a percentile and hence a decile is 10 
times a percentile), indicates the points between which 80 per cent of 
the values lie. 

РСК=Р»~ D. XVIII 


Subjecting the values in Table 3 to interpretation by formulas XVIII 
and XI, we get the results shown in Table 13. 


Note here that we have merely approximated the location of the 
decile and the quartile points. Where the number of occurrences up to 
the desired point indicates that some one of the three items is the first 
decile (the price, $1.75, occurs 3 times, it will be noted), we might 
interpolate to determine how much of the difference between $1.75 and 
the next item represented the exact mathematical location of the first 
decile. Here the variations in price are extremely small as between 
one item and the next and the number of occurrences is not great, so 
that this approximation will not materially distort our final figures. 


By substitution in the formulas, we have: 
РСЕ = 1 – р,=3.25—1.75 = 1.50 
ТОК = Os = 01 = 2.87 —2.13 = 0.64. 
For the sake of comparison, let us set down the facts regarding the 


range, the interquartile range, and the 10-90 percentile range in parallel 
columns: 


10-90 
WHOLE INTERQUARTILE 
RANGE oe RANGE 
Formula employed VIIb XVIII XI 
Value 2.78 1.50 0.64 
Per cent of cases included 100 80 50 


Thus, we see that one-half of our cases fall within a relatively small 
range (less than one-quarter of the whole range) and that 80 per cent 
of the cases fall within a greatly reduced range (very little over one- 
half of the whole range). By shearing off the items in Table 13 which 
appear before we reach D; and after we have reached Ро, we have 
cut the length of the table materially yet we have not disposed of a 
very great number of cases. If we consider on y that portion of Table 
i D les between Qı and Qs, we have very greatly compressed 
tne tabie. 


Interpolation to get the exact locations of Qı, Dı, etc. would affect 
these figures slightly, but the amount of increase in accuracy would 
scarcely warrant the time spent in additional computation, as the 


reader who practices on this illustration will readily discover for 
himself. 
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Mean deviation 


In order to determine the amount of deviation involved, we may 
compute for the whole number of items the average distance from a 
given measure of central tendency. Obviously, since there are ap- 
proximately the same number of these on either side of the central 
measure, their sum would be 0 or close to 0 if we took the signs into 
account. For this purpose, then, we decide to ignore the signs, ex- 
pressing both +26 and --26 by the symbol, | 26 |, which is an abbre- 
viated way of indicating the pure value as distinguished from the signed 
value of the numeral. 


_ _ Эх] | | 
Dvg А | XIXa 
where |х| = ће deviation of a value from the arithmetic mean. 
and Мый. XIXb 


where |4| = the deviation of a value from the median. ХОЛ» 


For a fairly simple case, let us consider the record of completed 
units of work in a factory department, as given in the first two columns 


of Table 14. | 


TABLE 14 
WORK PERFORMANCE OF 9 EMPLOYEES 
WORE- Units ComM- DEVIATIONS FROM DEVIATIONS 
MAN PLETED A MEAN Дон Марин 
т х 
А 41 41.00 —36.44 —4.56 41—37 =4 
B 29 36.44 — 29.00 =7.44 37--29--8 
С 37 37.00 — 36.44 =0.56 37—37 =0 
D 44 44.00 — 36.44 --7.56 44—37 =7 
я 31 36.44 —31.00 =5.44 37—31 =6 | 
ғ 35 36.44 —35.00 =1.44 37—35 22 
G 40 40.00 — 36.44 =3.56 40 —37 -3 
H 32 36.44 — 32.00 =4.44 37—32 =5 
1 39 39.00 — 36.44 —2.56 39—37 =2 
| n=9 У т =328 2 |х | =37.56 | 5 | d | =37 
To find the arithmetic mean, we revert to formula Ia, finding 
| | Ут 829 
МА = ——— = TE = 36.44 


We then compute the items for column 3 by subtracting each item in 
column 2, in turn, from the arithmetic mean if the item is smaller than 
the mean, or by subtracting the mean from it if the item is larger than 
the mean. Adding the items, we get a total of 37.56. 


Then Пум, "ER 990.117. 
To find the median, we use formula Па, finding 
ме "ићи th=5th : 


Arranging the cases in order, we have: 
29, 31, 32, 35, 37, 39, 40, 41, 44. 


'The fifth case, counting from either end, gives us 37 as the median. 
We may now compute the items for column 4 by comparing the items in 

















(on 
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column 2 with the median, subtracting the larger number from the 
smaller in each case. Adding these deviations, we have a total of 37. 
Then ^5. | Рум= —g-4l. 

Те should be noted that the average deviation from the median will 
always be smaller than the average deviation from any other measure 
of central tendency. 

When we are dealing with data grouped in class intervals, we use the 
mid-points of the class intervals as the points from which to compute 
the deviations. Then we multiply зар computed deviation by the 
frequency of its class interval and divide the total of the product by 
the number of cases. | 





Жи, „2 те) Su | XIXc 
and ум 4 == | XIXd 


Treating the case presented in Table 11 by formula XIX, we find the 
results shown іп Table 15. 


TABLE 15 
ANNUAL SALARIES OF EMPLOYEES 
CLASS M- DEVIATIONS FROM PRODUCT OF 
INTERVAL POINT FREQUENCY ARITHMETIC MEAN Corus 
4 m f | mz | f | mz | 
51150-1250 $1200 4372 465 2032980 
1250-1350 1300 . 3299 365 1204135 
1350-1450 1400 3003 795795 
1450-1550 1500 3 165 591855 
1550-1650 1600 4092 65 80 
1650-1750 1700 11129 35 389515 
1750-1850 1800 18578 135 2508030 
1850-1950. 1900 3238 5 760930 
1950-2050 2000 1971 335 660285 
2050-2150. 2100 1303 435 
п =10 57 =54572 Ў | mz | =2500 9776310 


Here the arithmetic mean had been found (р. 1196) to be 1664.91, 
which we may consider for all practical purposes to be 1665. To 
fill column 4, subtract from 1665 each mid-point up to and including 
1600 and then continue by subtracting 1665 from each mid-point from 
1700 on to the end of the list. Since our intervals are uniformly 100, 
notice that the sum of the deviations, beginning with the two in the 
middle and making up pairs progressively from the middle, will be in 
multiples of 100: | ! 
35 + 65 = 
135 + 165 = 300 
etc. 
This observation considerably shortens the task of computing X | m, | . 
We next multiply these items by the frequencies of their various 
classes, setting down the products in column 5 and totalling. 
Then — Dv X fms 9776310 176 
| о бат оба 
Tue method for formula XIXd is similar. Its solution 18 left to the 
reader. 
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Use of formulas XIXc and XTXd involves rather laborious computa- 
tions. Since the class intervals are uniform in size, we may simplify 
the calculations by performing the computations in terms of class inter- 
vals and then multiplying the results by the size of the class interval. 
As the method 1s similar to that of the work just shown, we leave the 
actual computation to the reader. 


Standard deviation 


More used than the mean deviation, the standard deviation gives 
more emphasis to the extreme variations because it is based on the 
squares of the deviations and, since all squares are positive, the extreme 
values thus take on added importance. The symbol used to express 
standard deviation is the lower-case Greek letter, sigma, c, and devia- 
tions are usually expressed in terms of “опе sigma", "two sigmas’’, etc. 

Since the standard deviation 1s expressed by taking the quadratic 
mean of the deviations from the arithmetic mean, we are not surprised 
to find that its basic formula resembles that for the quadratic mean 


(cf. formula VIa): 
c= qa ХХ 
7 | 


When dealing with a frequency distribution arranged by class inter- 
vals, we assume as a mean the mid-point of the class near the peak or 
concentration point of the data. Then we record the deviations of all 
other mid-points from the assumed mean, counting the number of 
class intervals by which each mid-point is removed from it. 

We next multiply the signed value of each deviation by its class fre- 
quency, take the total of the 74, values, and divide by the total of 
frequencies. This gives the correction factor, с. (If we have happened 
to select the exact mean as the assumed mean, the value of c will be 0.) 


fdn 
с = f 

After squaring the deviations and adding the results, we divide by 
the total number of frequencies. From this number, we subtract the 


square of the correction factor and then take the square root of the 
remainder. This square root, multiplied by the size of the class interval, 


gives us our c value: 
i EP а XXII 





XXI 


== 


Table 5 treated in this fashion produces the results shown D: Table 16. 
Since in this case X/Z, =0, the correction factor, c= гі "x will be 





"m 
“бит? -0 and с:=0. 





іа 
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“Моу substituting in formula XXII, we have 
i=0.25 and Х/-144 
so that 


27 4/2 Eu (2-035 15,0 -025v86.-025(4-204) = --051. 


Then our arithmetic mean, previously determined as 2.50 (p. 1187), 
plus or minus the standard deviation, 0.51, should give us the range 
within which we expect 68.27 per cent of the cases to fall. 


2.502:0.51 — 1.99 or 3.01. 


TABLE 16 
SALES-TICKET DEVIATIONS 
DEVIATION 


D PRODUCT OF PRODUCT OF 
CLASS Mip- FRE- FROM SQUARE 
INTERVAL VALUE ` QUENCY ASSUMED Dni du COLUMNS COLUMNS 
і т f dm (dm)? fdm (ат)? 
$0.875-1.125 1.00 ЗАВ! -6 36 206 булаг 
1.125-1.375 1.25 4 -5 25 -20 : 100 
1.375-1.625 1.50 6 —4 16 —24 D БОД 
1.625-1.875 1275 11 -3 9 ^ —33 99 
1.875-2.125 2.00 12 -2 4 -24 48, 
2:125-2:375 2.25 24 -1 4! -24 24 
2.375-2.625 2.50 28 0 0 0 0 
2.625-2.875 2:45 24 1 1 24 24 
2,875-3.125 3.00 12 2 4 24 48 
3.125:3:375 3.25 11 3 9. 33 99 
3.375-3.625 3.50 6 4 16 24 96 
3.625-3.875 3,75. 4 5 25 20 100 
3:875-4.125 - 4.00 1 6 36 6 _36 
Яу= 144 Zfdg =0 0 (ат)? =806 


Taking the slightly less Цаа distribution of Table 12, we 
have the results shown in Table 17. 


TABLE 17 
COMPANY RATIOS—-DEVIATIONS 
DEVIATION AE 

: SQUARE PRODUCT OF PRODUCT OF 

CLASS . Mip- FRE- о OF COLUMNS COLUMNS 

INTERVAL POINT QUENCY ee Devise 3 AND 4 ЗАВ 
EAN 
2 т T dy (dm)? ат Жат)? 

40- 50 45 3 -3 9 - 9 27. 
50- 60 55 | 14 -2 4 "T 56 
60- 70 65 17 -1 1 -17 L7 
70- 80 75 24 --0 0. 0 0 
80- 90 85 15 1 1 15 15 
90-100 95 11 2 4 22 44 
100-110 105 2 3 9 6 18 
у B6 | 2(а,)2-28 Lfdm=11 Sp -177 


Before we make use of these figures, we may obtain a simple check 
(the Charlier check) on their accuracy by taking one class Picker as 
our assumed mean. Expressed mathematically, this point would be 
„МА = МА +1. Deviations computed from this second point would be 
indicated by 4,+1. It should at once be evident that 
па += Df (dn)? 25/4, FEY XXIII 
By making the computations in Table 18, we may verify our figure 
for X/(d,,)? before entering into further computations with it. 
Formula XXIII tells us that the value for Sf(d,,+1)2, 241 as found 
in Table 18, should be equal to the sum of Ef(dm)? and Xf increased 
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by two times Z/d,. All of these values may be found from Table 17 
and inserted in the formula, getting 


241 =177+86+2(—11) 2 263 — 22241. 


TABLE 18 
COMPANY RATIOS—CHARLIER CHECK 

DEVIATION DEVIATION PRODUCT OF 

CLASS FRE- SQUARE OF ~ ; 

ч и FROM А5- FROM NEXT С 

INTERVAL QUENCY SUMED MEAN HIGHER CLASS DEVIATION Peri 

$ yj m Фу, +1 (dm +1)? Хат +1)2 
40- 50 . 8 -3 --2 4 12 
50- 60 14 -2 --1 1 14 
60- 70 17 --1 0 0 0 
70- 80 24 0 1 1 24 
80- 90 15 1 2 4 60 
100 11 2 3 9 99 
100-110 2 3 4 16 32 


Ху(дуу +1)? =241 
Returning now to formula XXII, we substitute this value for Х/(4,)3, 
as computed in Table 17 and verified by formula XXIII and the 
computations of Table 18, and the value for c?, as previously found by 


formula XXI: 
XKA 1 fl? f£ HN) 17 Г. 
m AS жа a 8) 710 4786 — 7396 


15222 —121 12101 , 


We find, then, that 14.33 is the amount which should be read on either 
side of the mean 1n order to get 68.27 per cent of the cases, 
75+14.33 = 60.67 or 89.33. 


All numbers in the table between 60.67 and 89.33 are within a devia- 
tion of one sigma from the mean 

The relative merits of the va ious measures of dispersion are sum- 
marized in Fig. 18 (p. 1213). 


TEST YOUR KNOWLEDGE OF MEASURES OF ABSOLUTE DISPERSION 


Using Tables « and 0, determine for each: 

13 The range 15 Тһе 10-90 percentile 

14 The quartile deviation 16 The mean deviation 
17 The standard deviation 


Skewness 


As we have already noted, not all frequency distributions have their 
peaks, or greatest number of frequencies, at the exact center of the 
diagram. In some cases, the peak may be to the left (indicating a 
greater number of low values), the curve tapering off toward the right 
(the high values); in other cases, the por may be toward the right, 
with the curve tapering off toward the left. This tendency 1s expressed 
as skewness, since the curve skews in one direction or the other. The 
curves shown in Figs. 19 and 20, based on Tables 19 and 20, are 
examples of skewed curves. TENES | 

ТЕ we desire to compare two or more distributions, we may do so 
safely if we know to what extent the distributions are comparable, even 





- x 


ia. 
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MEASURES OF ABSOLUTE DISPERSION 


CASES 





DesIGNATION FORMULA Tei een ADVANTAGES DISADVANTAGES 
Over-all VII 100% Simple obtained. Least satisfactory 
range Easily understood. measure. 
Quartile XII "50961 Concentrates attention Cannot be used in 
deviation on central cases. further computation. 
Not a measure of cen- 
tral tendency for 
asymmetrical 
distributions.. 
10:90): XVIII 80% Avoids defects of the Cannot be used in 
percentile over-all range by ex- . further computation. 
cluding extremes. | 
Меап XIX 57.5% Dependsonevery value ОҒ slight utility when 
deviation* in serles, but is less variation of values 
influenced by is large. 
extremes. 
May ђе computed 
about any measure 
of central tendency 
(sum of deviations 
from median is least). 
Ignores signs in sum- 
ming deviations. 
May be used in further 
algebraic 
| ; computations. 
Standard XXII 1с: 68.27% Subject to further alge- Gives greater empha- 
deviation* +20 : 95.45% braic computation. sis to extreme values 
| +3с : 99.73% Affected by value of because deviations 
| every item. | are squa 
Deviations from arith- 
metic mean yield 
minimum sum. 
* In normal distribution. 
01-0 





+ If laid off in each direction from 2 
$ Limits obtained for М A =рум A 
Fig. 18 


though they may be based on different class intervals or ranges. As a 
working rule, we may fairly safely take the statement that the mode is 
equal to the arithmetic mean decreased. by three times the difference 


between the arithmetic mean and the median. : 
М,= Ма —З(МА — М). XXIV 


ПШияғайге Example 

For purposes of understanding skewness, we are taking a hypotheti- 

cal distribution of the salaries of clerical workers in an office, as shown 
in Table 19. | S 

Plotting the 77 values on the X-axis and the f values on the Y-axis, 

we get the curve shown in Fig. 19. Applying formulas Id, IIb (with IIc | 

for check) and ПІ, we get: | 2 


Maa" =2489 M,-22504-9 5.52505 
- o ons 5 66-42 s 
M, =2250+g7 гуд -5=2536 М,-2750-9%9.5-2505 
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If, for the sake of argument, we take a different arrangement of the 
salary distribution for these same workers, in which we hand out some 


TABLE 19 
SALARIES OF CLERICAL WORKERS 
Сі.А55 Мір- FRE- PRODUCT OF CUMULATED 

INTERVAL POINT QUENCY ре. FREQUENCIES 
i т f fm < > 

$12.50-17.50 15 17 255 17 
17.50-22.50 20 24 480 41 132 
22,50-27.50 25 49 1225 90 91 

27.50-32.50 30 32 960 122 
32.50-37.50 35 245 129 10 

37.50-42.50 40 3 120 192 

Zfs132 Х/т =3285 


salary increases in such а way that our list of frequencies 18 exactly 
reversed, we note that we have a curve іп which the area covered 18 


ШЕГІ 
ҮҮ 


– AN 





М,52489 Mg?25.05 Мо-25.36 


. Fig. 19 Fig. 20 
exactly the same, but that the curve is the exact reverse of the one 
plotted in Fig. 19. This curve (Fig. 20) is based on Table 20. 





TABLE 20 
SALARIES OF CLERICAL WORKERS 
PRODUCT OF 

Crass Mip- FRE- CUMULATED 

INTERVALS POINT QUENCY Cors FREQUENCIES 
7 т y fm « > 
$12.50-17.50 15 9 45 3 132 

50-22.50 20 7 140 10 129 

50-27.50 25 32 00 42 122 
27.50-32.50 30 49 1470 91 
32.50-37.50 35 24 115 41 
37.50-42.50 40 17 680 132 17 

Уј = 132 Уут --3975 
Using the same formulas as in the case of Table 19, we arrive at: 
39 66— 42 

М а= =30.11 = 27.50+——— • 5 = 29.95 

512 49 

24 65-41 
M, =27.50 «5229.04 М; =82.50— · 5 =29.95 
"49277 не с 


Computing M, by means of formula XXIV, we get, for Table 19, 
M, = 24.89 —3(24.89 — 25.05) = 24.89 —3( —0.16) = 24.89 4-0.48 = 25. 37 
and, in the case of Table 20, 
M, 30.11 —3(30.11 — 29. 95) = = 30.11 —3(0.16) 230.11 —0.48 = 29.65, 
in both cases coming out only one cent different from what we got when 








уә 
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we applied ае III. If you consider greater accuracy desirable 
in this case, you may retain the fractional values and substitute 
them in the last step taken. 


From this computation, we note that the value of (M4— Mi) is 
negative when the curve skews to the left and positive when it skews 
to the right. Compare this finding with our previous conclusions as 
to the relationships among the various measures of central tendency 
(D. 1197): 


We may express the skewness as a pure number by dividing the dif- 
ference between the arithmetic mean and the mode by the standard 
deviation: 


Sk = XXV 


МА — М,» 
==> 
A positive result, following the line of reasoning above, indicates a 
skew toward high values, while a negative result indicates a .skew 
toward low values. The coefficients 

of skewness of two distributions 

must be rather closely in agreement | | № | 


21221 
if comparison is to be made between ШЕЕ ЕЕ 


them. If there is a great divergence ote ETTEN 
between the coefficients, this fact 21222 113018 ЇГ) 
should be taken into consideration -I--4--- REET 
when drawing conclusions from any ERU ЖОЕ TES BASES 
comparisons which may be made. CEZEECHEHRGI- 

ACE ЖЫНЫСЫ 


Kurtosis 





Another point to notice in con- 212: 
sidering the distribution curve is | Fig. 21 
the amount of peakedness or kurt- 
0515. The curve of a normal dis- 
tribution was shown in Fig. 5. When the peak is more pronounced 
than this, as in Fig. 21, the curve is called /eptokurtic (sharp or pointed); 
when the peak is less pronounced, 
as in Fig. 22, it is called platykurtic | | | | TIT 


(flat). 

The degree by which the curve ӨНЕ 
departs from the normal should be [Za EI > 
kept in mind in drawing inferences. LLN 
A leptokurtic curve indicates a Fig. 22 
preponderance of frequencies at a 






point in the scale; a platykurtic curve indicates little variation amongst 
a number of class intervals, as shown in Figs. 21 and 22. 


In any graphing of curves, however, care must be taken to use scales 
which sufficiently distinguish the relationships between the values. 
ЇГ the class intervals are .brought too close together while the fre- 
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quencies are stretched out, the result will be a distorted curve such 
as that shown in Fig. 23. On the other hand, if the class intervals are 
spaced rather widely, but the frequencies are plotted on lines too close 
together, the curve tends to be flattened to such an extent that com- 
parisons are not clearly made, as in Fig. 25. 

Fig. 24 shows the correct drawing of the curve TABLE 21 

for Table 21, on which all three figures are based. Mm-rowr | Frequency 


In Fig. 24, the steady and equal rise from class to ын 2 
class 1s easily interpreted, whereas Fig. 23 seems со 20 8 
indicate a sharp change between classes and 30 12 
Fig. 25 seems to show a barely perceptible increase. ~ | 


The terms, platykurtic and leptokurtic, are not 
applicable (іп the sense just defined) to these mis-drawn curves, but 
are reserved for discussions of correctly made diagrams. 


“ог EESTI] 
Sem EE 
шо р кше г 





15 
10 






20 30 40 50 


Fig. 24 
—L- HA ee 
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Fig. 23 10 20 30 40 50 


Fig. 25 
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TEST YOUR KNOWLEDGE OF MEASURES OF RELATIVE DISPERSION 


18 Using the values of the arithmetic mean and the median as determined in 
answer to problems 5 and 6, compute the modes for the data in Tables о 
and 6. Compare your answers with the values for the mode previously 
found in your answers to problems 7 and 8. | 


19 Find the coefficients of skewness for the data in Tables о and 6. 






When we are considering some types of 
information, in which dates of occurrence or 
————1 Spans of time play an important part, it 
seems logical to use the names of the months or the years for the 
designations along the X-axis, plotting the observations on the Y-axis. 

In analyzing time series, we are concerned with four distinct move- 

ments or changes in the given figures: 

a Seasonal variation—an upward or downward shift of figures month by 

‚ month (or day by day), occasioned by the changing seasons and recurring 
year after year. 

b Secular trend—growth or decline over a period of years (10 or more). 

с Cyclical movement—a long climb or decline over a period of several 
years. (Not all cycles are of the same length and not all are of the same 
degree of intensity, but frequently a rhythm may be observed at ap- 
proximately equal intervals of time.) 

d Random variations—due to unusual occurrences, such as a period of 


TIME SERIES 
AND VARIATION 
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intense cold, heat, drought, or rain, or the outbreak of war, or an unex- 
pectedly heavy demand. A department store, for example, might find a 
tremendous drop in expected sales if a blizzard occurred on a day when 
it had been prepared to welcome an influx of bargain hunters. Because 
of inability to get a supply of goods, owing to a strike or a bad fire in a 
warehouse, a store or factory might find itself unable to meet a demand 
and its sales might drop; simultaneously, one of its competitors might 
pick up additional business from customers who would normally have 
patronized the handicapped firm. Sometimes a notation would be 
written along the ordinates line of the graph depicting the day-to-day 
or month-to-month figures to help in interpreting the unusualness of the 
figure. More often, a notation would be attached to the graph. In 
computing averages over a considerable period—especially in comparing 
similar dates from year to year—one obtains a better view of the general 
conditions if such an unusual figure 1s excluded from the computations. 


Seasonal variation 


Many activities are of a seasonal nature. Department-store sales 
are apt to be highest at the Christmas and Easter seasons; agricultural 
production 18 naturally greatest іп the summer and early autumn; 
most people purchase their new automobiles in the spring and early 
summer. 

Illustrative Example 


Figures published by the Bureau of the Census show the numher of 
passenger automobiles reported as sold by factories in the United States 
for each month over a 10-year period, as detailed in Table 22. (We are 
deliberately stopping our comparison of these figures with the year, 
1940, because.the imminence and presence of war activities in subse- 
quent years and the complete stoppage of new production after the 
outbreak of war clearly indicates the non-comparability of later 
figures.) The plotting of these figures on a coórdinates graph is shown 
in Fig. 26. In plotting, only the thousands need be taken into con- 
sideration. Despite the many “peaks” and “valleys” in the curve, we 
get an impression of a distinct upward trend in the number of sales, 
except for the year, 1938. 


Close scrutiny of the diagram discloses that these peaks and valleys 
recur year after year in substantially the same months, although the 
actual figures may vary greatly from year to year. These seasonal 
variations interfere with our over-all view of the trend. We may very 
easily compute the adjustments which would have to be made to 
compensate for this factor. 

In Table 283, we have recorded the percentages which each month's sales 
are of the total sales for the year concerned. ІҒ each month had the same 
number of days, and if the sales were uniform month by month, it is evident 


that the expected percentage of sales for each month would be T of the total, 


12 
or 8.375%. By examining our figures, we discover that eight months in 1935 








i a a aŘŘŮŮ———eemmmmmmo 





нилээн и SERN ене АВ 











%9 
vd *poirnaoo seq 10119 JUOS зец} рооццәҷи 51 91943 50001 
| нь 03 95015 Ата} ST [2104 Əy} 889) үү -'suorjejnduroo A[q1uour эц) Jo Aoeinooe 991 Зигхоэцо јо SULJU зчэЦэохо ие SI 8144, Ld геипоэр JUO ој но рэрипол эле SUOISIAID 
e | OFF JO SHNS 993 uoqA ѕүецпоәр pastes 10 peddoip ој эпр әле 02001: шолу SuODeHeA 'SYJUOU үеләләз әц Jo so3ejuaoJod эц) 3urppe Aq рэзпашо> эле s[v303 95997, x 
| Я OE DM УП r9 d 9% L1 68 86 9% Гб 86 SOOT АС 101 
= 28 601212288 9% га eg 9'8 £8 сб От “8 86 6:66 О ВО 
= eor 091 б ge ez di 29 2; db is di iy ELE) REOR M 
x = 22 ЕЭ 0% 03 25 | gor gor СТІ ёо 97, 61 Куу сы PE Bf 
OTT 876 RER 9% Le UOI 201 SOL И £6 тд 18 6:66 T MD ЖАН “50861 
= GOT РОТ 8:9... Lt 973 78 06 v6 61 Ги 78 02 . 07001 MEE Е 55550861 
4 ra сЕ 6% 19 78 сот еті VeL s а 821 єў 29 Е 
= o 15 19 001 є@ а! vet eu 86 29 8% 0 001% у E 252446861 
ЫЫ ev те 9% 9 6% ги бат Lot 88 £8 18 ПН a Ыт БЫ] 
Er 5% qa 0'g qq 64 26 101 881 езі juif r6 07, Е. "seine regt 
«Т 299019991 quao — 494000) 19493499 |) jsn3ny Ame ounf Kei шау цер лепој — Aienuef 41240], 
e 0961 OL 1861 'HINOW НОУЗ 53775 ТУПММУ 20 1М32 834 
== --531915 азимП FHL М! SATIGOWOLNY 439М355У4 JO 54175 AYOLIVA 
9 ЕС 318 v1 
« 
ба 
Pe | 600646 пре ветар сто 1800291 1909616 61808009 0812 681061 06820402 8919905 91688602 284000 00377777 зэймэлү 
60044886  GITPLIZ — OgI'OP8'I 6 Ч (18089181 15009017 61868469 08408115 60411009 88609986 09199006 189606 (08114096 ie ole age ЗО 
189'968 160'/07 Ра ТОР 019986 668 0f 692891 070'985 919 468 681 C98 266 646 984468 168%98 808069% Mies DA NC БОРЕ 
7082298 090980 618:146 9297191 40919 884'081 704'995 048'486 607'22% £02,663 000:696 99% 180 96/998% ага“ 107076607 
900988 РЕШЕ МӨРІ 6040 0999 19890100 168081 | 80890100 80971 0  OSE&'6£ 908900 5860006 — 707000 7 8661 
888970 800260 0909966 129 811 99718 007'092 УТУ TID cep Scy 086:087 6/8'807 882960 РбР 606 688:410 6 ОРООН iat 54661 
996907 480:198 obo O6T 101506 108606 660 148 LES 418 199988 ТЕР 91? 048'Cv&£ 116966 069,66 802699 КД Dit im IB GOL 
(006968 16908 016810 750984 081181 Ерс 00819602 0 180008 00801488 0 019608 От — 59946 РЕЧЕ С Ө 
То 0806р 080098 0 05090100 00068100 96060000) 00801000 99181200 80888200 9065 тШ PAZIT бб (80277 СОО 
68709 9952% 0/8%0Т 918:181 ТІРІСІ 992161 169%,02 Т09%081 99/6? 6926 80106 668607 019941 Шақ ur RES БСО. 
67198 280879 401 68 892599 2064), 30476 888°09Т 997181 86:01 66£'66 011596 808:86 16% 98ГТ ре зе ТҮУ s HT 0601 
16846 ?8Г ӨР 41984 802 601 469881 811981 968:012 347115 116:986 4744554 6081 118881 060'£46^1 jo rU erp n ә 
Jequieoe(T[ 9001940 494000 — 29401914999 | 3snany Апар eunf Кер шау чолерј Алеплао Агеппер 16301, 


| 0561 OL 1561 'SHINOW АЯ 
—531V1S GALINA JHL NI 541ЧОУО1ПУ YIONISSWd JO 53175 ANO12V4 
22 318У1 | 











1219 





STATISTICS 


92 84 
Opel | б | вез | а | зе | 961 | veer | Есе | 2а | ка 


Serr TT INVI AP; i 



















HEHEHE тг FERESE Hl 
I pem 01921728 HM -y ENSIS NE 
ШІ --- ЖЕШ ШЕН EEH Sa) MARRS AHH BE 
211 | TS Н HH- ЛИН 21112175 AT "NN 2227 000'0% 
НЕ -| nare ГІТ 
| | Л ШИ ЦЭ HEHE 
11:11) ЕП TRENTE 
HHHH НЬ ПЕРЕН 
Ши ЕШШ ИПИЕ Ж 
ЭН 4t- E TEES Ree ease 55% 
HD naria E ІН ЕНЕЛЕР 
(111111 1111) 1125 2222-0200 
УНА БНН 1 21 12120027. 
Em АШИ ЕН HHHH HE ил: 22220207 E 
ЛЕНІ | ИН ІН HT SEM -H 
Ни! 22151212) HF 11111 ЦГ He LT 
22:11: :2122121212 128 AHHH EIN 
Teas ESSE NS ARANE ЕЕЕ 
ТЕА ЕЕ ВЕЕ B ВНЕ БЕУ ЕНЕ Жете 
ЕУ ПАРА А es EUER RE БЕ -=H HH Ё 
ЛЫШ ЕЕ ЖЕШИНЕ ЕЕЕ ----H«-HR- 213 
BIER E “ТЕТ BEES EE DERE ЕШЮ 








1220 PRACTICAL MATHEMATICS 





are above this percentage while the others are below. We may express each 
monthly percentage as an index by multiplying it by 12, as shown for the 
1935 figures in Table Z4, column 4. These could be plotted as shown by the 
solid line in Fig. 27. 


TABLE 24 


INDEX OF FACTORY SALES OF PASSENGER AUTOMOBILES 
IN THE UNITED STATES—1935, BY MONTHS 








PER CENT OF INDEX OF 
MONTH Монтнгу ANNUAL MONTHLY 
| E DAL TOTAL SALES 
January 227,554 7.0 84.0 
February 273,576 8.4 100.8 
March 359,410 144 1332 
April 387,158 11.9 142.8 
Мау 305,547 9.4 112,8 
June. 294,182 9.0 108.0 
July 274,344 8.4 100.8 
August 181,130 5.6 67.2 
September 56,097 T 20.4 
October 213,310 6.6 79.2 
November. 336,914 10.4 124.8 О 
December 343,022 10.5 126.0 Ја Мг |Му у S NO 
Totals 3,252,244 100.0 1200.0 


Fig. 27 


ADJUSTED INDEX 


These index figures do not take into account the differences in the 
lengths of the months, however. We may adjust our figures, if we are 
interested in the rate of activity which characterizes the month, by 
multiplying the actual monthly sales by the adjustment factor shown 
in Table CI (p. 1256). This table is based on an average of 30.4167 
days in each calendar month | 


365 
"3-304167 ) 


with separate figures for leap years (based on 30.5 days per month). 
Here it 18 assumed that every day of the month is of equal importance. 
There 1s no allowance for Sundays or holidays. In considering some 
types of statistics, we should find it wise to work out a similar table, 
taking the ratio of the number of actual working days in each month to 
the number of actual working days in the entire year. Again, for a 
business which, like the amusement industry or the refreshment con- 
cession at a pleasure resort, "picks up" on Sundays and holidays, 
special weighting might be given to the number of special days which 
occur in a given month. Recognizing, then, the limitations involved 
in the use of Table CI, we shall employ it in the further illustrations 
in this section. : 

We may now adjust the figures in Table 24 by multiplying the actual sales 
shown opposite each month by the comparable adjustment factors shown in 
Table CI, getting the results shown in Table 25, column 4. Reducing each 
of these new figures to percentages of the new total (column 5) and multi- 
plying by 12 (column 6), we obtain an adjusted index which is somewhat more 
reliable than the index obtained in Table 24. This index, plotted by the 
dash line in Fig. 27, gives a better picture of the trend for the year under 
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consideration. Similar computations for all of the years in Table Z2 will be 
necessary before obtaining the over-all trend. 


TABLE 25 
ADJUSTED INDEX OF FACTORY SALES OF PASSENGER AUTOMOBILES 
IN THE UNITED STATES—1935, BY MONTHS 





Е ADJUSTED 
ACTUAL ADJUSTMENT ADJUSTED ADJUSTED 
Момти SALES FACTOR с PERCENTAGE INDEX 
IGURE 

January 227,554 98.11809 223,716 6.9 82.8 
February 273,576 108.63071 277,576 8.6 103.2 
March 359,410 98.11809 352,646 10.9 130.8 
April 387,158 101.38903 392,536 144 145.2 
Мау 305,547 98.11809 299,797 9.3 111.6 
June 294,182 101.38903 298,260 9.2 110.4 
July 274,344 98.11809 269,180 8.3 99.6 
August 181,130 98.11809 177,721 5.5 66.0 
September 56,097 101.38903 56,876 LS 21.6 
October 213,310 98.11809 209,296 6.5 78.0 
November 336,914 101.38903 341,594 10.6 127.2 
December 343,022 98.11809 336,567 10.0 120.0 

Total 3,202,244 3,235,565 99.7 1196.4 


TEST YOUR KNOWLEDGE OF ADJUSTED INDICES 


20 Table г presents the factory sales, by months, of motor trucks and busses 
in this country for a 10-year period. Find the total sales for each year. 


TABLE € 
FACTORY SALES OF MOTOR TRUCKS AND BUSSES IN THE UNITED STATES, 1931-1940 
JAN. FEB. Marca APRIL May JUNE JULY AUG. SEPT. Ост. Nov. Dzc. 


1931 33,531 39,521 45,161 50,022 45,688 40,244 34,317 21,772 31,338 21,727 19,683 28,044 
1932 20,541 28,308 19,560 27,380 26,589 22,768 14,488 14,418 19,402 18,595 12,025 21204 
1933 18,092 15,319 17,803 26,677 33,760 42,130 38,092 41,441 34,424 20,818 18,818 20,776 
1934 42,012 43,482 59,160 64,620 56,601 45,197 41,539 51,311 44,067 47,988 34,462 42,563 
1935 62,174 58,655 66,503 65,778 55,560 62,158 57,765 56,270 31,443 58,783 58,45 61,506 
1936 66,250 63,381 78,052 86,248 75,591 77,631 68,809 61,928 45,064 34,446 58,902 78,345 
1937 70,109 67,405 90,242 96,170 91,487 85,898 78,568 82,874 52,544 31,214 64,727 81,849 
1938 53,823 47,151 47,580 43,082 37,101 38,189 34,602 31,870 18,375 22,018 52,060 862,340 
1989 60,708 60,220 72,248 63,966 59,672 63,084 58,621 38,461 27,122 61,573 66,583 78,888 
1940 69,382 66,276 70,608 70,607 65,539 58,506 62,034: 29,050 44,638 72,009 80,201 87,086 


21 Compute the percentage which each month's sales 16 of the annual total, 
recording the results in tabular form. 

22 Table 24 presents the index of monthly sales for the year, 1935. Prepare 
indices, based on Table 23, for each month of the 10 years. 


23 Convert the percentages found in answer to problem 21 into indices, 
recording the results in a table. 


24 Prepare adjusted index figures for each month shown in your answers to 


problem 22. 
25 Adjust the figures found in answer to problem 22. 


Secular trend 


When we may be contented with a straight-line expression of trend, 
we may divide our time-series into two equal parts, treating each half 
separately 1 in determining the averages. (If the whole number of years 
in such a series is odd, we omit the middle year in taking the totals.) 
We then take on the graph the lines representing the middle year of 
each half, plot the point for each of the two averages, and connect 
the two points with a straight line extended the full width of the chart. 
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SEMI-AVERAGE 


The dash line in Fig. 28, superimposed on the curve for the yearly 
totals, shows us the relationship between yearly sales and the trend of 








| ТАРЕ SS SOR Ер БЕШ ен КЫЫ АР ЕСШ E T 
COMPUTATION BY SEMI-AVERAGES OF [EE ee A A 
TREND OF FACTORY SALES OF 


PASSENGER AUTOMOBILES IN THE 





UNITED STATES, 1931-1940 2000000 
YEAR SALES YEAR SALES 
1931 1,973,090 1936 3,669,528 
1932 1135491 1937 2,915889 
1934 — 2177019 1939 256679 1000000 
? ЕД , , У Ы Ы 3 A t “ > " Е T 
1035 3252944 1940 36923928 931 32:33 34 35-36 37 38 ЗЭ 40 
10,112,256 Total 16,145,526 Fig. 28 
1931-1935 72026128 Average 1936-1940 “5% 2165 4 


sales as computed by semi-averages (Table 26). If we have an even 
number of years in each half, we take as our plotting point the line on 
the graph which is midway between the two lines representing the 
two middle years. 

This method, it will be noted, does not eliminate all of the cyclical 
influences, especially when the whole span of the time period is rela- 
tively small, but the influence of extremely high or extremely low 
values is minimized. 


MOVING AVERAGE 


A better use of arithmetic averages, however, is the computation of 
“moving” averages. These may be based on the annual totals or on the 
monthly sales, as need be, and may cover any number of individual 
items, the choice usually depending on the general impression of trend 
given by the graph. If progress seems to be upward or downward in 
three-year cycles, the three-year moving average would be the best 
guide; if the cycle embraces, on the whole, four or five years, then a 
four- or a five-year moving average would be computed. 

In our illustration, Table 27, we begin by computing the “moving total" 
for each two years in the list. Since sales in 1931 amounted to 1,973,090 and 


TABLE 27 
COMPUTATION OF MOVING ANNUAL AVERAGES OF FACTORY SALES 
OF PASSENGER AUTOMOBILES IN THE UNITED STATES, 1931-1940 


зэр 


—Two YEAR— —THREE YEAR—  . —Four YEAR 

YEAR SALES MoviNG MoviNG MovING MOVING MOVING MovING 

TOTAL AVERAGE TOTAL AVERAGE TOTAL AVERAGE 
1938 r PODI «2.09008 — 153545005 — 14002003. 110009560. 6,860,012. 101500800 
1933 1;573,512 4,886,922 1,628,974.00 0 

,751,431 1,875,715.5 ,139, ‚034,791. 
1934 2,177,919 7,003,675 2,334,558.33 7 

9 ‚1 % 1 ,0 1.5 1 , 7 РА , . 
1935 3,252,244 9,099, 3,033,230.33 00 

‚921,77 ,460,886.0 13,015, ‚253; : 
1936 3,669,528 10,837,001 3,612,553.67 0 

7,585,417 ,792,708.5 12,838, ‚209,661. 
1937 3,915,889 9,586,402 3,195,467.33 4.50 

1 1 , 74 T 5 ,4 7.0 7 1 , , , , % 
1938 ,000,9 8,783,670 2,927,890.00 

4,867,781  2,433,890.5 12,475, ,115,999. 
1939 2,866,796 8,560,109 2,853,369.00 
1940 3,692,228 559,124 3,279,56 





sales in 1932 amounted to 1,135,491, our total for the two years would be 
3,108,581. This figure is entered in column 3 of Table 27 on a line midway 
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between the 1931 figures and the 1932 figures. Dividing this figure by 2 
enables us to determine the average for the 2 years, as recorded in column 4. 
We proceed in the same way with the totals for 1932 and 1933, and so on 
down the column. 

The three-year columns are computed in a similar manner, the figures 
opposite 1932 in column 5 being the arithmetic mean of the totals for 1931, 
1932, 1933, etc. In the same way, the figures between 1932 and 1933 in the 


four-year columns represent the total 


and averages of 1931, 1932, 1933, 1934, “990000 


and so on. 
Fig. 29 shows the moving averages слер ле E E 
for two-, three-, and four-year periods 


ось өзе LAE EB 
plotted on the same coórdinates grap 2000000} |= HIM 





with the figures for the single years. “УУ 
Here 16 is readily noted that the 

i ------- TWO-YEAR 
curve tends to smooth out in pro- 1000000 -= THREE-YEAR 


portion to the span of the average. 
loo great a span would nullify the 5 

usefulness of the computation. Here Өзі 32 зз за 3 
the factor of judgment must always 
enter in to determine what span 
is proper for indicating the exact facts under consideration. 

The same sort of moving average may be applied to the monthly 
sales figures. Іп this case, the span may even be extended to 12, so 
that we get 12 annual totals for each year (January to December, 
February to the next January, March to the next February, etc.) 

Table 28 shows this application to the figures for the period, July, 1938, 
through June, 1940. The 12-months' total shown in column 3 above January 
1s for the period from July, 1938, to June, 1939; that between January and 
February 1s for the period from August, 1938, to July, 1939; etc. Column 4 
presents the averages for the same 12-months’ periods. From these two 
averages, we obtain the centered average shown opposite January. The 


~~ — FOUR-YEAR 





513697 3839 ЦО 
Fig. 29 


TABLE 28 


COMPUTATION OF MOVING AVERAGES ОР FACTORY SALES OF 
PASSENGER AUTOMOBILES iN THE UNITED STATES—1939 


, я 2-MONTHS’ CENTERED 
SALES 12-Момтн5 12-Мохтн5 = , 
Момтн 1939 TOTAL AVERAGE um gri cu RATIO 
2.646,619 220,552 
— 66 БШ ES um Em GM 
March 299.703 2,693,299 224,442 456.922 . 998.461 131.1 
Аг 273,409 ев 2 470,321 235,161 112.0 
= s we oe 20 ES D 
Яг 150,738 2,866,796 238,900 484.586 242'293 62.2 
August 61,407 2,948,228 245,686 499.268 240,634 24.9 
September 161.625 3,042,984 253,582 511.599 255,799 63.2 
October 251.819 3,096,203 298,017 523 428 261,714 96.2 
November 285,252 3,184,933 265,411 528,139 269,069 106.1 
, 3'272'739 272,728 58, , 0 


January ratio 18 determined by dividing the actual January sales (column 2) 
by the centered average for January (column 6) and recorded in column 7. 
We proceed in the same way to December, where column 3 shows the 12- 
months’ total for the period from June, 1939, to May, 1940. The 12-months' 
averages shown in column 4 are easily computed by dividing each of the 
totals in column 3 by 12. 
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Since we are dealing here with the arithmetic mean of an even number 
of items, it 18 evident that our 12-months' averages describe in each case а 
spot between two months. We overcome this difficulty by centering the 
averages. То accomplish this, we take each pair of consecutive averages, 
add them, and divide by 2. These results are recorded in column 6. The 
ratios in column 7 are obtained by dividing the figures in column 2 by the 
corresponding figures in column 6. 


TEST YOUR KNOWLEDGE OF SEMI-AVERAGES AND MOVING AVERAGES 


26 Compute the trend shown by the figures in Table е by the method of 
semi-averages. | 

27 Compute the trend for the same figures by the method of moving annual 
averages (a) for a two-year, (b) for a three-year, (c) for a four-year 
period; and record your data as in Fig. 29. 

28 Using Table 22, compute the ratios for each month of the 10 years, using 
the method of Table 28 and recording the data as in Table 23. 


29 Using Table e, compute the monthly ratios, as in problem 29. 


THE LEAST-SQUARES METHOD 


To secure the line of best fit in estimating trend, we employ the 
least-squares method, computed in such а way that the sum of the 
squared deviations of the observed values about the trend line is а 
minimum. Тһе formula for the straight line 18 written: 

yc a бх, XXVI 


where 


‘ус —the computed values of the trend; 

а = value of the line at its origin; 

р =the typical increase or decrease occurring in х units of time; 
and x =the time interval (e.g., expressed as 1 month, 6 months, or 1 year). 


Summing up the points in XXVI gives us 


Ху-Ха- 22, 
or, since Èa — 4, 
Ху--7а-фХх. ХХУПа 
Multiplying every term in XXVI by х (the coefficient of 4) gives us 
xy = ax F bx, 
which, summed, becomes 
| Х(ху)та2х-ҺФА(х2). | XXVIIIa 


We now һауе, in ХХУПа and XXVIIIa, two simultaneous equa- 


tions which may readily be solved (cf. pp. 137-141). 


Returning to the yearly totals from Table 22, we reproduce them in 
column 2 of Table 29. Letting the first year, 1931, equal 0, we should 
designate the next year, 1932, as 1, and so on, as shown in column 3. 
This is our x value. The values of x?, then, will be as indicated 1n 
column 4. The xy values in column 5 are obtained by finding the 
products of the pairs of values in columns 2 and 3. 














E ~ 2 — — 


Хэр 





STATISTICS | 





TABLE 29 


COMPUTATION OF TREND OF FACTORY SALES OF PASSENGER AUTOMOBILES 
ІМ THE UNITED STATES, 1931-1940—LEAST-SQUARES METHOD 


VEAR ACTUALSALES DEVIATION SQUARE OF PRODUCT DEDINATES 
y 2 x2 xy : 
1931 1,973,090 0 0 0 1,661,430 
1932 1,135,491 1 1 1,135,491 1,875,730 
1933 1,573,512 2 4 3,147,024 | 2,090,029 
1934 2,177,919 3 9 6,533,757 ^. 2,304,329 
1935 3,252, 4 16 13,008,976 2,518,628 
1936 3,669 5 25 18,347,640 2,732,928 
1937 3,915,889 6 23,495,334 2,947,228 
1938 2: 4 49 14,006,195 3,161,527 
1939 2,866,796 8 64 22,934,368 3,375,827 
1940 3,692,328 9 81 33,230,952 3,590,126 


п=10 Уу=26,257782  Xx—45 | Х(32)-285 | Х(ху)-4135,839/737 


То obtain the values in column 6, we substitute in the formulas 

values previously found in earlier columns of the table. 
Then, since 
219 2-20:201 (02; 5-10 and 2128-2545, 
formula XX VIIa becomes 
Dy =natbuix ' | 
26.257 78 = 10-49] M анан ЕНЕГЕ я 

and formula X XVIIb becomes И А 

Мху--аМх--0Х3х2 РАКА 

135,839.737--454--2858. Ь E ARIES 


Multiplying equation a by 9 and 3000000 LAE а 
equation b by 2, and subtracting, | 


we have 
236,320,038--904-1-4052 
211,679,474 — 9024-5702 
—35,359,436= . — 1652 
b=214,299.6 ER 
Substituting this value in equation 
a, we have 
Г = 512 +45.238 542 . 
291,182 = 102 +10,734,390 
102—15,523,392 а 
4 — 1,552,339. 
Then equation X XVI becomes 
5,—1,061,430--214,2996x. с 
To obtain the various trend val- о! Е 
uses for y, we substitute the various ui Лр Бы LL LL 
values of x (shown in Table 29) in Fig. 30 
this equation, getting the results 
which are recorded іл column 6 of Table 29. Since this is a straight- 
line trend, we really need to compute only the values for any two years 
in order to obtain the slope of the line. 
Since х=0 for 1931, we get the ordinate of trend for that year by 
taking merely the first figure, since | | 


Усл9з1 = 1,661,430 4-214,299.6-0 = 1,661,430--0 = 1,661,430. 





SEHE 
si А 


"LLLI Liv 
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For 1936, our computation, by a similar line of reasoning, would be 
Ус1эзв = 1,661,430 4-214,299.6-5 = 1,661,430 4- 1,071,498 = 2,732,928. 
The other values we may read approximately from the graph in Fig. 30 
or we may compute each in turn by further substitution in equation c. 
Comparing column 6 with column 2, we note that the sales in 1932 
were actually considerably less than the trend ordinate for that year 
calls for. Since we know that 1932 was а "depression year", we are 
not surprised at this finding. We see, too, that the figures for the 
years, 1933 to 1937, inclusive, are considerably above the trend line, 
that the figures for 1938 and 1939 again drop below 1t, but that the 
1940 figure brings the sales almost back to normal. This is in line 
with our general knowledge of the “second depression” or "regression" 
which occurred іп the United States at about that time. 


Short method, when number of items is odd—When we аге deal- 
ing with an odd number of items, we may shorten the process consider- 
ably by taking the median year as the origin, counting both ways from 
this point to determine the values of x, as in Table 30. 


TABLE 30 
COMPUTATION OF TREND OF FACTORY SALES OF PASSENGER AUTOMOBILES 
IN THE UNITED STATES, 1931-1939 —LEAST-SQUARES МЕТНОВ— 
SHORT-CUT FOR ODD NUMBER OF YEARS 


YEAR AcTUAL SALES DEVIATION ы. PRODUCT E 
у х x? xy 
1931 1,973,090 —4 16 -- 7,892,360 1,684,109 
1932 1,135,491 — 3 9 — 3,406,473 1,889,900 
1933 1,573,512 —2 4 --3,147,024 2,095,691 
1934 2,177,919 -1 3 -2,177,919 2,301,482 
1935 3,252,244 0 0 0 2,507,273 
1936 3,669,528 1 1 3,669,528 2,713,064 
1937 3,915,889 2 4 7,831,778 2,918,855 
1938 2,000,985 a 9 6,002,755 3,124,646 
1939 2,866,796 4 16 11,467,184 3,330,437 


M 
a 
il 
о 


7-9 Ly =22,565,454 : 2(х2) =60 2(ху) =12,347,469 


Since Ўх= 0, 22ix will also equal 0 and formula ХХУПа becomes 


EN XXVIIb 
Similarly, аУх will be equal to 0 and formula ХХУ Ша becomes 
DE EN XXVIIIb 


We no longer need to solve the equations simultaneously. Our un- 
known a 18 found directly by substitution in XXVIIb while 2 1s found 
in like fashion from X XVIIIb. 
From the totals in Table 30, we note 
3y-22,565,54, 5-29, Х(ху)--12,347,469, and 2(х2)--00. 
Then, by XXVIIb, 22,565,454 —9a 
2550500 278, 
and, by XXVIIIb, 12,347,469--602 
b=205, TOT. 
Our equation, based on formula XXVI, then becomes 
3,7 2,507,273-1- 205,791 x, 


from which we easily compute the values for column 6 of Table 30. 
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Short method, when number of items is even—lIf the whole num- 
ber of items is even, we can still use the short method, with a slight dif- 
ference. We take the origin at a point midway between the two middle 
years, computing our х values for these years ав —0.5 and --0.5, 
respectively, and again moving to the ends of the scale by subtracting 
or adding 1 to indicate the distance moved each year, as in column 3 of 
Table 31. As these x values would entail additional labor no matter 


TABLE 31 
COMPUTATION OF TREND OF FACTORY SALES OF PASSENGER AUTOMOBILES 
IN THE UNITED STATES, 1931-1940 —LEAST-SQUARES METHOD— 
SHORT-CUT FOR EVEN NUMBER OF YEARS 


DEVIATIONS ORDINATES 
ACTUAL DEVIATIONS DEVIATIONS IN HALF-YEARS OF 
YEAR SALES IN YEARS I SQUARED à PRODUCT TREND 
HALF-YEARS 
у х x (x^)? ху 
1931 1,973, --4,5 --9 81 — 17,757,810 1,661,392 
1932 1,135,491 —3.5 --7 49 --7,978,437 1,875,700 
1933 1,573,512 -2.5 --5 25 — 7,867,560 ‚090, 
1934 2,177,919 -1.5 -3 9 — 6,533,757 2,304,316 
1935 3,252,244 -0.5 -1 1 --3,252,244 2,518,624 
1936 3,669,528 0.5 1 1 3,669,528 2,732,932, 
1937 3,915,889 1.5 З 9 11,747,667 2,947,240 
1938 2,000,985 2.5 5 25 10,004,925 3,161,548 
1939 2,866,796 3.5 Т 49 ; 20,067,572 3,375,856 
1940 3,692,328 4.5 9 81 33,230,952 3,590,164 
2210 Ly =26,257,782 xx =0 x(x’) =0 X3 (x^)? 2330 У (x'y) =35,360,836 


whether we used them as decimal or as common fractions, we simplify 
our problem by considering the number of half years instead of the 
number of years, using x’ (x prime) to designate this new value, as in 
column 4. Squaring the x’ values, we get the results shown in column 5. 
Multiplying the y values in column 2 by the x’ values in column 4, 
we get the results recorded in column 6. | 


From the totals line, we see that 


Ху--26,257,782, n=10, X(x'y)—35,360,836, апа X(x):—330. 


Then, by XXVIIb, 26,257,782 =10a 

= 2,625,778 
and, by XXVIIIb, 35,360,836 = 3307 

5 — 107,154. 


Here, however, 2 is the coefficient of x’, which measures half-year 
values, and therefore represents the increase for each half year. In 
computing the estimates for each year, we multiply 109,972 by the 
value in the x' column or we double the amount and multiply it by 
the value in the x column. 


-c1936 = 2,625,778 +107,154 
or J93s7— 2,029,778 +-214,308.0.5, 
the answer in either case being 2,732,932. 
Similarly, 
Уг1940 = 2,625,778 +214,308.4.5 
Or Ууг140—2,625,778+107,154.9 = 2,625,778 +964,386 = 3,590,164, 


and so on for each of the other years, as recorded in column 7 of Table 31. 
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Comparison of these figures with the figures in Table 29 shows slight 
but not significant differences. The time saved in computation more 
than offsets the slight variance in degree of accuracy, particularly 
since in both cases the figures are merely estimates. 


TEST YOUR KNOWLEDGE OF THE LEAST-SQUARES METHOD 


30 Using the least-squares method, compute the annual trend for the data 
in Table е. | | 

31 Use the short-cut method (least squares) for computing the annual trend 
of the same data. Compare your results with the answers to problem 30. 

32 (a) Eliminate the figures for 1981 and then compute (by the short 
method) the annual trend for the remaining data in Table e. (b) Restore 
the figures for 1931 and eliminate the figures for 1940. Again use the 
short-cut method to compute the annual trend for the remaining data. 


GEOMETRIC STRAIGHT-LINE TREND 


Formulas ХХУ Па and XXVIIIa may be utilized for computing the 
geometric straight-line trend merely by using them in the logarithmic 


form: 
У log y 2z log atlog 2 Хх ХХУПс 


Х(х log y) =1ов а Xx-F-log 2 Х(х2) ХХҮПІс 


Similarly, when the short-cut method is employed, formulas X XVIIb 
and XXVIIIb may be expressed logarithmically as: 


log а = m ххупа 
jg Жэн | ххуша 
From these, 
| log у: = log a+ (log 2)x ХХЇХа 
ог Ур 21: ХХЇХЬ 


CURVED-LINE TRENDS 
Other trend lines which are frequently employed in statistical work 
present additional advantages. Го round out the discussion, we present 
them although space does not permit illustrative examples. 
The second-degree parabola, expressed by 
y,—a4d-óx--c? , XXX 
is determined by solving these equations: 
ày-na-d- Xxx? 
Хүүс-адыш-Г РУХ? ean 
Уху = аххх, 
ог, in the case of the short method, 
Xy-nad-càx? 
Ay == 221472 
др а |Ен, 





~ 
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Неге the 2 and the с values counteract each other, so that the curve 
has both a positive and a negative stage. 
The third-degree parabola is similar: 
y, a4- bx A- ex? + 2х3. XXXI 
It is obtained by goling a group of four equations: 
Ly =natbouxt+cux?+drux 
зау сала EIU EOS Edu 
Ixy =a х --0Х3х5--сХх5--43 85 
Уху = ах + ражи c21x9 3-42:x5. 
Again, "when the short method is used, these equations become simpler: 
Ху = na--cXx 
xy =b +d xt 
Уху =alin*+ clint 
2хЗу--23х a 
Here the trend changes direction twice. 


The Gompertz curve, recommended for use in analyzing the secular 
movement in industry, is obtained from the formula, 


yc ab^ ХХХ Па 
expressed logarithmically as — | 
log у, = log a+ (log рус. XXXIIb 


The logistic curve, also known аз the Pearl-Reed curve, is useful 
when the data do not increase at a rate faster than the geometric rate; 
if the data increase faster, they fall outside the range of this curve. 
]ts formula is 


— = 2<-6(“. | XXXIII 


| TEST YOUR KNOWLEDGE OF OTHER TREND LINES 
33 Prepare a table showing computation of the geometric straight-line trend 


for data of Table 22 from 1932 to 1940. Column headings: 1, year; 2, 
sales (the y value); 3, log у; 4, x (counting the middle year as 0, as in 
Table 30); 5, x?; 6, x log у; 7, log a+ (log #)х; 8, anti-logarithms of figures 
in column 7. 

34 Record оп a graph the results found іп problem 33. Compare your read- 
ings from the trend line with your computations. 

35 Compute the geometric straight-line trend for data of Table e, 1931 
to : 

36 Use formulas XXX and XXXI for computing second-degree parabolas 
for data of Tables 22 and в. 


Cyclical variation 


We may reduce to formula the relationships among the movements 
mentioned on page 1216 by letting:T'— trend, 5 = seasonal variation, C = cy- 
clical movement, / —irregular variations, and 02 original data. 


Then uec OF TX SCC. ХХХГУа 
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When we analyze annual totals, the movement may be expressed as 
O—TXCXI, XXXIVb 
since the effect of seasonal variations disappears. 


То separate the secular movement from the cyclical and irregular 


variations, we merely divide XX XIVb by T: 


СХЕ cx. XXXIVc 
Repeating columns 2 and 7 from Table 31 as columns 2 and 3 of 

Table 32, we obtain the figures for column 4 of Table 32 by dividing 

each item from column 2 by the corresponding item in column 3. 


TABLE 32 


ADJUSTED INDICES OF ANNUAL FACTORY SALES OF PASSENGER AUTOMOBILES 
ІМ THE UNITED 5ТАТЕ5—1931-1940 


А ORDINATES SALES ADJUSTED 
YEAR ACTUAL SALES DOT NI ог. 
1931 1,973,090 1,661,392 118.7 
1932 1,135,491 1,875,700 60.5 
1933 1,573,512 2,090,008 15.3 
1934 2,177,919 2,304,316 94.5 
1935 3,252,244 2,518,624 129.1 
1936 3,669,528 2 782,932 134.3 
1937 3,915,889 2,947,240 132.8 
1938 2,000,985 3,161,548 63.3 
1939 2,866,796 3,375,856 84.9 
1940 3,692,328 3,590,164 102.8 


Fig. 31, in which the trend index (column 4 of Table 32) 18 plotted, 
should now be compared with Fig. 30, in which the trend line 1s shown. 
Since we have now reduced the origi- 
nal items to percentages of trend, 
the line of comparison becomes 
straight and horizontal, while the 
deviations are noted by the curve 
which rises and falls in relation to ®© Ч! лэ 
it. This straight line is known аз 973! 32 33 34 35 36 37 38 39 49 
the statistical normal and the values Fig. 31 
as plotted on the Y-axis are taken 
as describing the per cent of normal attained each year. 


If it is desired to analyze monthly data in this fashion, 1615 necessary 
to determine the trend ordinate for each month, multiply this by the 
seasonal index, and use the product as a divisor for the original figure 
for that month. Plotting of this adjusted production index gives a 
picture of cyclical and random variations. This curve may be smoothed 
by taking a moving average (cf. p. 1222), thus providing an estimate 
of the cyclical influence. 


In comparing two curves, we first obtain the deviation of each point 
from the normal—that is, we subtract 100 from each index. Then we 
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calculate the standard deviation of deviations from the normal, using 


the formula, 
2 6s A i (> 2 2 XXXV 


Dividing the deviation from the normal by the standard deviation, we 










e have an estimate of the outside limits within which our computation 

| will be valid. | 

| PER CENT OF NORMAL PER CENT OF NORMAL 

! 160 7 Eden т ЕЕЕ 2: 

| vs Шири ES 25 

б НН EET — DURABLE БЕ 231129 
13 7| — NONDURABLE. 
120 | 120 
110 110 
100 үу 100 
90 90: 
80 80 
70 70 
60 60 
а : 
40 
20 509 1925 1930 935 94420 
Fig. 32 


Eig. 32 shows the per cent of normal for each year's production of 
‘consumers’ durable and nondurable iud in the United States from 





ӨӨ. | 1925 930 1935 1941 


ЦЭ 


1919 to 1941 inclusive, while bo 33 shows the standard deviation 
scale for the same figures. 

TEST YOUR KNOWLEDGE OF TREND ADJUSTMENT AND STANDARD DEVIATION 
37 Adjust for trend the annual sales of motor trucks and busses, using data 


of Table =. 


38 шон the standard deviation of deviations of data from Table 22 
and e 
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SAMPLING | When we are dealing with statistical analysis, it is not 


always possible for us to get all of the data which we 
might like to use. Even the United States census, thorough-going as 
16:15, probably misses some cases through the inability of census- 
takers to contact persons who are 1n process of moving from place to 
place during the time the census 1s under way. How much harder it 
would be for an individual to track down every last case when dealing 
with a huge mass of data! MESS 

In other instances, the mass of data at hand is so tremendously 
large that the computations involved in handling it would be too severe 
a tax on time and energy. For that reason, we resort to sampling, by 
which we mean the selection of representative data upon which we may 
base conclusions as to the probable nature of the whole. 

Following the line of reasoning concerning the normal curve (dis- 
cussed on page 1188), we secure the curve for that portion of the data 
which we do submit to analysis and upon our results reach con- 
clusions as to the likelihood that the findings will apply to the whole. 
This is the theory on which “straw votes" and such fact-finding 
investigations as the Gallup Poll or the National Opinions Poll are 
based. 





Selecting the sample 


Obviously, one who is bent on “proving” a certain point might, Бу 
selecting the samples with an eye to the results, so distort his figures 
as to appear to have ascertained certain ''facts which just aren't 
true". Just as obviously, a really conscientious statistician who 
happened to overlook a chance factor might deceive himself as well as 
his public (as a well-known magazine did a few years ago) as to the 
reliability of his findings. 


CRITERIA FOR SAMPLING 


To avoid such possibilities, we should, when using the sampling 
process, set up criteria by which to determine the validity of the 
operations. To this end, we must be certain that: 


a Our sample has been selected in such a way that there is no prejudice or 
bias in the figures. (By interviewing only red-headed candidates for a 
secretarial position, we might arrive at the statement that all sten- 
ographers have red hair.) 

b There is complete independence among the items or cases selected. (By 
interviewing only wives of men with small incomes, we might arrive at the 
conclusion that no woman is in a position to buy an expensive mink coat 
or to spend more than a certain amount on the family’s food bill.) 

с The sample represents the entire area to which the conclusions are to be 
applied. (In trying to determine living conditions throughout the United 
States, we should get wholly different pictures if we limited our samples 
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to the Kentucky mountains, to a New England agricultural area, or to the 
suburban villages of New York City.) . 


d Conditions are the same for all items included in the sample. 


TYPES OF SAMPLES 


We may arrive at our sample by any one of several different methods, | 


the choice depending upon the exact purpose we have in mind. | 
The random sample is used when we desire to get a general picture of 


conditions over the whole area under investigation. Having collected our 


data, we might write each item on a separate card, shuffle the whole pack, 
and then draw out a number of cards sufficient to serve as our sample. For 
even greater accuracy, we should re-insert each card and re-shuffle the stack 
after each drawing. To most people, the word, random, implies an entirely 
accidental selection. For statistical purposes, such a random sample would be 


_ of little use to us, since we might entirely miss the extremes and so reach an 


utterly false conclusion. 


А controlled random sample in which the selection is made in such a way 
as to give each item the same chance of being included, overcomes this 
difficulty and adds to the statistical worth of our findings. To assure proper 
representation of all sections of the total population (the whole number of 
cases to be found for the subject under consideration), the investigator first 


determines the approximate percentage which each group is of the whole . 


group and then 18 careful to see that his sample includes a proportionate 
number from each of the groups. 

Such a sample is frequently referred to as a stratified random sample because 
the population is divided into strata, or layers. We might desire to determine 


the shades of opinion or amount of income, for example, of persons in various 


geographical divisions of the nation, or we might desire to ascertain separately 
views or preferences of persons of differing political allegiances, or to arrange 
our cases according to income or age groups. Unless we have first made 
certain that our sample 1s a true sample in that its findings would conceivably 


_ hold true if we included every possible case, we are in danger of distorting 


our conclusions because of the bias introduced into the sample. 
Purposive samples, such as the controlled and stratified samples, are 


statistically reliable, within the limits which will be considered later, if the 


purpose behind their selection is in line with the criteria we have already 
set up. 


DETERMINING THE ADEQUACY OF THE SAMPLE 


In line with our previous knowledge of the curve of normal distri- 
bution (p. 1188), we know that, the greater the number of cases, the 
nearer we shall expect to approach the normal curve in our findings. 
As the size of the sample becomes larger, we find a decrease in the size 
of the sampling error (the amount by which the figure arrived at by 
computing from the data of the sample is likely to differ from the actual 
facts). The mathematical principle by which to determine the amount 
by which the error is reduced is stated simply: the extent of the sampling 
error decreases as the square root of the number of items in the sample 
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increases; that is, in order to cut the sampling error in half, we must 
increase the size of the sample four times; to reduce the error to one- 


“Чиг of its former size, we must take a sample nine times as large as | 


the original sample; etc. 


A rule-of-thumb method of determining the adequacy of a sample 1s 
to tabulate and make computations for one portion of the sample, then 
of another, comparing the results of the second with those of the first, 
and then comparing the two sets of results with the total results; con- 


tinuing to add portions of somewhat similar size until the amount of. 


variance in the results is so slight as to indicate that addition of still 
further portions would not be likely to change the picture to any 
great extent.* ) | 


Adequacy, then, is something тоге than size. In some instances, 30 
to 50 well-selected cases will give a more nearly correct picture than 
will thousands of cases ill-advisedly selected. 


Determining extent of error 


When discussing error in connection with sampling, we are using the 
word in a specialized sense to indicate the amount by which the findings 
based on the sample are likely to deviate from the findings which we 
should reach if it were possible to investigate and include in our com- 
putations all of the existing cases. Having made calculations based 
on a given sample, we are interested in determining how accurate the 
findings are likely to be in giving a picture of the total situation. 
“То do this, we may calculate either the standard error or the probable 
error. | | 


STANDARD ERROR OF THE MEAN 


Since the standard error implies a deviation, we use as our symbol 
for standard error the same symbol (c) which we have already used for 
standard deviation (p. 1210). When discussing standard error, 
however, we annex to this symbol a subscript indicating the measure 
for which we are determining the error. In the case of the standard 


error of the arithmetic mean, then, we һауе oy,. Similarly, using S to. 


indicate "sample", we achieve as our formula for standard error of 
the mean: : 
25 XXXVI 
cy, =. : 
А | 

Assuming that a sufficiently large number of samples has been taken, 
we should find that the arithmetic mean would divide the normal curve 
into exact halves. When we mark off a range of one standard error on 
either side of this point, as in Fig. 34, we have included 68.27 per 


| ж А word of caution: no matter how large the sample, errors due to bias will not be reduced. For this reason, 
care must be taken in the first place to make sure that the cases selected for the sample are truly representative. 


і 
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cent of the sample; marking off two standard errors со WAy brings us 


_ to 95.45 per cent of the cases, while all but 0.27 per cent will be included 


if we increase our range to three 
standard errors in each direction. 
The chances, then, are only about 
45 in one thousand that a difference 
as great as 2 oy, could have oc- 





curred as a result of random errors. 7082786 
(For further discussion of proba- : ...... 95.45% 
bility- see Table CII, page 1257) | &z71-—L-—1——L--— 9973 


Taking the 144 sales recorded in “Boy -20m би, МА Юу, 20) Зом 
Table 1, we recognize that the next SC HATH А А 
group of 144 sales ог, for that mattér, Fig. 34 

any other group of 144 sales, would 


probably not reach exactly the same total. However, these other groups of 


sales might be such that this first group would be a fairly representative 
sample. That is what we are interested in ascertaining. We have already 
discovered (p. 1211) that --0.51 is the standard deviation for the mean, 
$2.50. Substituting this figure i in formula XXXVIa, we have 


“0051 0.51 
MM 22-004. 
MAT AA] 711958 


In giving a report concerning the arithmetic mean of the first 144 sales as a 
sampling investigation of sales conditions, then, we should state that the 
mean ob such sales is $2.50--$0.0426. In every report of a sampling investi- 
gation, the measure should be stated in this fashion so that the reader may 
have an opportunity to judge for himself as to the reliability of the computed 
measure in representing the probable true measure. 


Small samples—When the values of a measure are computed from 


` a small sample (30 cases or less) or even from a large number of small 


samples, the distribution of these values is not necessarily normal. 
To test the significance of deductions based on a small sample, we 
may use 


Ер Gabr. 9 XXXVII 
п—т41 
where ks = ie of any given measure in the sample, 


ky = value of the same measure in the universe, 
п —number of items in the sample, 


and- / т = number of predetermined conditions in the sample. 


We may also make use of Table CIII (p. 1257), in which we are 
provided the multiples by which the mean 1s to be amplified in order 
to attain the indicated percentages of probability of the occurrence 
of a deviation. 

The size of this critical ratio is interpreted by reference to Fi ig, 34, 
just as in the case of standard error. 
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Differences between sample means—ln the case of using several 
different samples, to determine the significance of the difference 
between two means, we use cp to indicate the standard error of the 
differences between paired means. | 


бр, sy fa + ohay XXXVIII 


The critical ratio of this is 
p_a Mas 
9D1..9 : 
STANDARD ERROR OF OTHER MEASURES 
OF CENTRAL TENDENCY 


In similar fashion, we may determine the standard error of any other 


of the measures of central tendency. The formulas for these are given 


in column 3, Fig. 35. Since the process of using these formulas 18 
similar to the process for formula XX XVI, we leave the com pita Hens 
to › the reader. 


PROBABLE ERROR 


Instead of standard error, some statisticians make use of the Борлы: 


error. This is the figure which will not be exceeded by 50 per cent of 


the cases. It may be computed by multiplying the standard error by 
0.6745, as shown in column 4, Fig. 35. In general, the standard error 
is to be preferred to the probable error in statistical work. 


INTERPRETATION OF SAMPLING 


FORMULA FOR FORMULA FOR 




















Measure FORMULA ror MEASURE STANDARD ERROR PROBABLE'ERROR 
: or MEASURE : оғ MEAsuRE* 
Arithmetic M -2 | ЕД 55 РЕ —0 6745. 5 
пей A МА C i | МА . PEST 
Median Mantes | су —12530:-— і РЕМ -0.84535 + —5- 
2 DEI Vg 2 Ул 
с E Wm y m x 2 
ава б = СЕ E T PE, 20.6745 Viz 
а, -(25. у | 
FERIIS : 
Coefficient ребрах ЖР 2) иу 2(7?) 
of variation 2 MA 106 Mer = 1-- 104 FEV OOAD E 1+ 10, 


"На. 35. 


* See Tables CIV to CVI, pp. 1258 to 1260. | 
T Universe standard deviation not known. 
1 Universe standard deviation known. 





XXXIX 
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INDEX | Іп recent years, it has become increasingly common to 
NUMBERS. СУ to indicate changes іп data by expressing current 
figures as an index. This index 1s computed in much the 
same way as was the index of sales figures (cf. p. 1220), but here the 
divisor is determined in a different fashion. For.the base period, we 
select a year (or the average of several years) in the not-too-distant 
past which may be considered normal. Then we compare the current 
figures with this norm, or base, by dividing each of them by 1t. 


It should be obvious that wholly different results will be obtained 
if a different year 1s selected as the base, so that a picture of prosperity 
or the reverse may be "proved" by shifting the base from one point to 
another. In general, the index should be computed on a base which is 
itself the average of a sufficient number of items to ensure the elimina- 
tion, to a reasonable degree, of chance factors. Nothing less than 
20 items should ђе considered satisfactory, and 50 is a much safer 
guide. Past 50, the increases in reliability are slight; past 200, ac- 
FOR WIE to some authorities, there is no perceptible gain. 





Illustrative Example 


Table 33 shows some actual figures for a fairly long interval of years. 
In successive columns, as shown by the headings, we should get wholly 
different index values if we used the indicated bases. 


TABLE 33 
INDICES COMPUTED ON VARIOUS BASES 
| 1914 1914-19 1985-39 
YEAR AMOUNT 1929 хүрт BASE BASE BASE 
(6050) (Av. —9835) (Av. —8472) 
1925 10,995 100.0 231.8 186.6 DIE 129.7 
1926 10.564 96.1 222.7 174.6 107.4 124.7 
1927 10,756 97.8 226.7 IT-T 109.3 126.9 
1928 11,072 100.7 233.4 183.0 112:5 130.8 
1929 11,296 102.7 230.5 186.7 114.6 133.3 
1930 9,021 82.5 190.2 149.1 91.6 106.5 
1931 6,371 57.9 134.3 105.3 64.8 75.2 
1932 4,743 43.1 100.0 78.4 48.2 55.9 
1933 5,445 49.5 114.8 90.0 55.4 64.3 
1934 6,780 61.7 142.9 112.1 68.9 80.0 
1935 7,659 69.7 161.4 126.6 77.8 90.4 
1936 8,654 78.7 184.6 143.0 87.9 102.1 
1937 9.217 83.8 194.3 152.3 93.6 108.8 
1938 8,168 74.3 172.2 135.0 83.5 96.4 
1939 8.684 78.9 183.1 143.5 88.3 102.5 
1940 9,145 83.2 192.7 151.1 92.9 107.9 
1941 11,830 107.6 247.3 195.5 120.3 139.6 


From this, using the 1925 base аз 100, we find that conditions in 
1941 were 7.6 per cent better, whereas, 1f we use a 1914 base (which 
was at one time the customary procedure), we should find conditions 
95.5 per cent better. Using the depression year of 1932 as a base 


would show а 1941 improvement of 147.3 per cent. If we took the . 


average of the years, 1914 to 1919 (these figures are not shown in the 


table), we should find that it was 9835 and that conditions in 1941. 
showed an improvement of 20.3 per cent. Coming closer to the present 


and avoiding the depression of the early 1930's, we might take 1934 to 
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1939 as the base, getting the average, 8472, and showing an improve- 
ment in. 1941 of 39.6 per cent. 


These calculations show the necessity in all P DOR on index num- 
bers of indicating how the base has been determined. They will also 
serve to explain how rival groups may arrive at different findings and 
cite apparently convincing figures to "prove" their contentions. This 
typical passage 18 quoted from a report on indices of wholesale, retail, 
and farm prices*: 


Тһе wholesale-price index of the Department of Labor is based on primary market quotations of 784 com- 
modities beginning 1926, 813 beginning January 1938, 863 beginning March 1940, 887 beginning October 1940, 
and 889 beginning January 1941; a smaller number of commodities was covered in earlier years. The price of 
each article is weighted by the approximate quantity marketed during a period approximating that covered 
by the index. Beginning with 1921, in computing indexes for commodity groups, articles falling under more 
than one of the classifications were included under each classification. For example, articles produced on the 
farm which reach the consumer practically unchanged in form, such as potatoes, milk, and eggs, were included 
among both farm products and foods. However, in computing the index for all commodities such articles were 


^ counted only once. 


The retail-food-cost indexes presented in this section for periods beginning January 1935 are UAE in- 
dexes based on the distribution of expenditures as shown by the 1934-36 study made by the Bureau of Labor 
Statistics of expenditures of wage earners' and lower salaried workers' families. Differences in changes in retail- 
food. costs as shown by the revised, as compared with the unrevised, data are due largely to the relatively 
ere ater importance of citrus fruits and green vegetables and the lesser importance of cereals, potatoes, and 

pples in the revised index. The revised indexes are computed from prices of 54 foods. Aggregate costs of 54 


foods in each of 51 cities, weighted to represent total purchases, have been combined for the United States 


with the use of population weights. In accordance with a recommendation of the Central Statistical Board, 
Bureau of the Budget, an average of the years 1935-39 is being used as a base in presenting these revised indexes 


of food costs. Indexes for all periods prior to January 1935 are converted from indexes computed for corre- - 


sponding periods on the 1923-25 base. 
The farm-price index is based on prices paid to producers for 34 major crops and 13 commercial truck crops. 


Average quotations for the period August 1909-July 1914 are used as a base, and each price series is weighted 
by the average annual marketings of farmers in the years 1924 to 1929. 

In formulas for index numbers, it is customary to use ро and 40, 
respectively, to designate the price апа the quantity of a given com- 
modity 1 in the base year. For a second commodity, we should use р”, 
and 4%, and so on. For the first commodity in the first year, under 
consideration, we should use pı and qi; for the second commodity, 
2'; and 47, etc., as shown in Fig. 36. 


DESIGNATION OF PRICES AND QUANTITIES OF COMMODITIES 





BASE YEAR -————— — — YEARS UNDER CONSIDERATION 


ок Ректор First  Зесокр Тир FOURTH ee птн 
Price of | 

First commodity 2o fi p2 рз 14 как Рп 
Second commodity Ро 2 рә P's фа eas P^ 

Ы е 77 / 
Third commodity D o Pu Рз | Р 3 Dia cute Pn 
Fourth commodity 2,6 ЊЕ ps 973 p's e Pn 
nth commodity pro pm р" ps pm 24. Р" 

Quantity of 
First commodity 90 qı 2 q3 q4 жа qn 
Second commodity g'o 41 4% 43 44 eos g'n 
Third commodity 47% q^ 47% 44%. Qa vu q ; 
Fourth commodity 4” QUA 47? а 4 ЖА 9 
nth commodity | 47% 41 | 47% | 478 o a. ОЕ 9" 

| / Fig. 36 





* Statistical Abstract of the United States, 1942, p. 371. 
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The simplest index is computed by dividing the sum of the prices (or 
quantities) of the commodities for the year or period under considera- 
tion by the sum of the prices (or quantities) of the same commodities 


|. in the base period: 


SIMPLE AGGREGATIVE Price INDEX 


Хр рр... tot Ї 
Уро PotDoted+... +" 


In such computations, we run the risk that our findings will be domi- 


nated by the largest items, nullifying the effect of the smaller items. 
For instance, in Table 34 we have Medus 

one item which greatly exceeds the 

others in value. Though all items SIMPLE AGGREGATIVE PRICE INDEX. 

fluctuate, it is obvious that the index вмз | 1941 1940 1943 1944 


1 фо fi p2 Ёз 
шах on the totals is dependent сэн ээ 
argely on this first item. Неге the Sem 0.27 029 030 032 


indices аге computed Бу dividing each Fourth 041 O11 012 044 

total by the total for the base year, | 

1941. Па 1029 1047 10802 
We may avoid the inequality caused 

by the preponderance of the cost of the first commodity in each 

instance by utilizing a different formula, the simple average of relatives 

price index: | 











SIMPLE AVERAGE OF RELATIVES РЕ1СЕ INDEX 


£N рр. р" 
ee i г = 
Po Tw Ро 0 Ii 


И 7 


Here our computations for the same figures would be: 


























TABLE 35 
SIMPLE AVERAGE OF RELATIVES PRICE INDEX 
3 1941 1942- 1943 1944 
_ ПЕМ ACTUAL RELATIVE ACTUAL RELATIVE ACTUAL RELATIVE ACTUAL RELATIVE 
PRICE PRICE PRICE PRICE PRICE PRICE PRICE PRICE 
Фо 21 22 $3 | 
po $5 21 20 22 23 23 20 
First $6.31 100.0 $6.42 101.7 $6.48 102.6 $6.61 104.7 
Second 0:27 100.0 0.29 107.4 0.30 111.1 0.32 118.5 
'Third 0.41 100.0 0.44 107.4 0.46 1112 0.49 119.5 
Fourth 0.11 100.0 0.11 100.0 0.12 109.1 0.14 127.3 
Fifth 0.63 100.0 0.70 111.1 0.74 117.4 0.79 125.4 
Totals 500.0 527.6 552.4 595.4 
Indices 100.0 105.5 110.5 119.1 


Instead of the "average", or arithmetic mean, we may employ 
either the median (p. 1193) or the geometric mean (p. 1198), if we 
so desire, with the same advantages and disadvantages already noted 
in Fig. 17 (p. 1202). : 

These figures would be satisfactory if fairly equal àmounts of all 
five items had been sold. If the amounts differ markedly, we should 
employ a weighted average. 
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Using the quantities produced in the base year as the Weights: we have 
the weighted aggregative, sometimes known as Laspeyres' formula: 


WEIGHTED. AGGREGATIVE: 


n АА: 














2214, _ _ 210 216 Pi 90 + „на 
77 77 ... 
Moo | Poo’ 2040 20% Р 90 
TABLE 36 
WEIGHTED AGGREGATIVE—BASE-YEAR WEIGHTS 
re gare ee e UT 
ACTUAL RICE ACTUAL RICE 
ITEM QUANTITY TIMES TIMES 
PRICE | Оолхтиү PRICE — QUANTITY 
qo Ро pogo 21 9140 
First 25 $6.31 $157.95 $6.42 $160.50 
Second 18 0.27 4.86 0.29 5:22 
Third 47 0.41 19.27 0.44 20.68 
Fourth 2384 0.11 3.74 0.11 3.74 
Fifth 74 0.63 4.41 0.70 4.90 
Totals $190.23 $195.04 
Indices 100.0 102.5 





1943 


QUANTITY 


III 





PRICE 
TIMES 





For some purposes, the weighted average of price relatives gives 
a clearer picture. 


WEIGHTED AVERAGE OF PRICE RH EE 





up "o 
4199 _ 222) Рї Pi 15553827 Pr 7287, Pi nn 
Уйа Робот Роп Ро бое 529040 
Polo Ро Ро Ро 
TABLE 37 
WEIGHTED AVERAGE OF PRICE RELATIVES 
1941 15942---------- 1943 
ia | UE 
Quan- Астодь RELATIVE RICE Астра, RELATIVE RICE Астоль RELATIVE 
ITEM уру `Рэрк Price 95. KE PRICE PRICE Tnm Prick Pricer 
Рворост 
ро pi. Фі p2 
| qo ро 20 pogo pı ро 2900 m p2 == 
First. 25 56.31 100.0 $157.95 $6.42 101.7 $160.63 .$6.48 102.6 
Second 18 0.27 100.0 4.86 0.29 107.4 5.22 0.30 111.1 
Third 47 0.41 100.0 19.27 0.44 107.4 20.70 0.46 112.2 
Fourth 84 0.11 100.0 8.74 0.11 100.0 3.74 0.12 109.1 
Fifth 7 0.63 100.0 4.41 0.70 111.1 4.90 0.74 117.4 
Totals $190.23 ` $195.19 
Indices 100.0 102.6 


Since the quantities sold may differ greatly from year to year, it 








is desirable to take them into account in the weighting. 
INDEX оғ TotaL VALUE 

















”"”” 
21441 Рі | Рид | Р 141 Pint 
ИІ... 
Хр;4 ойо! 2040 2040 2040 
TABLE S38 
INDEX OF TOTAL VALUE 
1941 D 1942 = 
ACTUAL QUAN- КІСЕ ACTUAL QUAN- RICE 
ITEM PRICE | TUIY ор NITE PRICE TITY On, ae 
фо 40 pogo 21 gc 141 
First $6.31 25 $157.95 $6.42 27. $173.34 
Second 0.27., 18 4.86 0.29 19 5.51 
Third ` 0.41: 47 19.27 0.44 49 21.56 
. Fourth 0.11 34 3.74 0.11 39 4.29 . 
Fifth 0.63 7: 4.41 0.70 8 5.60 
'Totals í $190.23 $210.30 
Indices 100.0 


110.5 





RELATIVE 





$198.34 
104.3 








? | 
юв | | 
ACTUAL QUAN- ТСЕ | 
PRICE TITY QUANTITY 
22 42 $292 
$6.48 28 $181.44 
0.30 21553 6.30 
046 50 23:00 | 
0.12 44 5.28 
0.74 8 5.92 
8221.94 
- 116.6 





7%, 








York, have been suspended for the duration. | 
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The index of total value gives flexibility, especially in times of a 
rapidly changing economy. Where weights are changed frequently to 
accommodate the structure of the index to the changing structure of the 
business, one cannot ascertain, for example, whether a change in the 
price index 18 due to a change іп prices ог to a change in weights. 
To overcome the danger of too great flexibility, the weights may be: 
changed only occasionally, being held constant for a period of years. 

All told, there are over 150 different formulas for the construction 


of index numbers now in actual use. Each of them presents some ad- 


vantages, as noted. Unfortunately, each of them leads to a different 
result, so that one must be aware of the method by which the index is 
secured before one can give much credence to it. Probably any one of - 
them 18 a better guide than a mere casual inspection and comparison of 
the data would give. If the same method 18 used throughout an inves- 
tigation, there 1s at least a basis for comparison. The ideal formula, 
as conceived by Professor Irving Fisher, a pioneer and outstanding 
authority on index numbers, 1s: | 


Ігклі. INDEx NUMBER FORMULA 


x ТАН | | 

| ха, pii VI 
| LP ogo 22100 ; 
Other index formulas which аге in very common use аге: | 
SIMPLE AVERAGE OF RELATIVES, PHYSICAL VOLUME INDEX 
5) 

qo VII 

7 

WEIGHTED AGGREGATIVE PHYSICAL VOLUME INDEX Ё 


роб Род - Ро 4:-8-...--9001 | ҮПҮ 
роо роо Dado оче = «c D agis 


WEIGHTED AVERAGE OF RELATIVES, PHYSICAL VOLUME INDEX 





Au йй gh Es unn 4E ; руп y 
qo 070 рд 070 gt! 0 70 ... "E 020 ІХ 
ойо Dodo 690 1.7 poe Page 
CHAINED LINK RELATIVE INDEX | 
: > 4 i 
Hyd. heats where 7=current month x 
2-1%0 


. Because of the uncertainties and abnormal conditions during war- 
time, some of the standard index reports, like the production and 
trade indices formerly issued by the Federal Reserve Bank of New 


/ 
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FUNCTIONAL | At times when we are concerned with two or 
RELATIONSHIPS | More variables,swe are interested in discovering 
the extent to which the factors move together 
in the same direction er tend to move apart. Ifit can be shown that the 
values of one variable depend to a certain extent on the values of 
another variable or upon a combination of the values of several other 
variables, we say that there is a functional relationship between or 
among them. When such a functional relationship is treated statis- 
tically, we are using the method of correlation analysis. 


~ This method is used whenever we wish to determine the possibility 
that there is a relationship, or association, between two items which 
have been noted in the compilation of the data. 


Let us begin our consideration of the process with a simple experi- 
ment which can be repeated, with whatever variations are desired, as 
many times as one wishes. | 


Illustrative Example 


In this experiment, the author took four coins of one denomination and 


. six of another, shook them together, and noted the number of heads and tails 


in each fall. Іп order to compensate for the tendency of a particular coin 
to fall always head up because of the way the metal had worn, different 
coins were taken at intervals of from 15 to 35 throws. Sometimes pennies and 
nickels were used: at other times, dimes and quarters. The count was taken 
for each denomination separately and also for the total on each throw, as 


shown in Table 39. 
TABLE 39 
OCCURRENCE OF HEADS AND TAILS IN 150 THROWS 
NUMBER OF NUMBER OF 
THROWS: 35 100 115 150 THROWS: 35 100 115 150 
Four-Coin Throw 
4 tails 2 10 10 12 ~ Ten-Coin Throw 

1 head, 3 tails 10 PIE 18 28 10 tails 0 0 0 0 
2 heads, 2 tails T3 50 55 68 1 head, 9 tails 0 1 T 1 
3 heads, 1 tail 8 20 25 33 2 heads, 8 tails 2 5 5 7 
4 heads 2 T T 9 3 heads, 7 tails 3 10 11 14 
4 heads, 6 tails 9 15 17 26 
Six-Coin Throw 5 heads, 5 tails 13 26 32 45 
6 tails 1 2 2 3 6 heads, 4 tails 5 26 30 35 
1 head, 5 tails 3 12 12 15 7 heads, 3 tails 2 11 13 15 
2 heads, 4 tails 7 14 16 23 8 heads, 2 tails 1 5 5 6 
3 heads, 3 tails 18 :. 29 36 54 9 heads, 1 teil 0 1 1 1 
4 heads, 2 tails 4 31 37 41 10 heads 0 0 0 0 

5 heads, 1 tail 1 11 11 12 

6 heads 1 1 1 2 


Plotting the four-coin throw in Fig. 37, we note that, even for 35 cases, 
our curve tends to take the shape of the normal curve of distribution (p. 1188). 


Ав the number of cases is increased, the peak rises more perceptibly. 


In the case of the six-coin throw, plotted in Fig. 38, the curve is some- 
what skewed to the left after 35 throws, skews noticeably to the right after 
100 and 115 throws, but, by the time 150 throws are reached, the peak is at 
the center of the diagram and the curve is approximating the symmetrical 
form which we should expect it eventually to assume. Because our distribution 
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range now covers seven cases, as against five in the previous figure, the | 
peak does not rise quite so high. | 














- ---------- ——— 150 CASES 
Sao Баш Ји БЕНИ ни 115 GASES 
---------------- 100 САЗЕ5 
35 САЗЕЗ 


Fig. 39 


When we consider the ten-coin throw, shown in Fig. 39, we find at all times 
a closer resemblance to the normal curve of distribution, the peak always at 
the center and the curve for each increased number of throws tending more 
and more to approach the normal form. The 
slight “hump” on the right, almost exactly ВЕРЕ —— ТЕМСОН 






о 65 Рај 
balanced by a depression on the left, has ж Пав AON 
decreased to such an extent that we may safely pee ИМЖ 
predict its eventual disappearance. 50 

In Fig. 40, we have graphed on the same pair 45 

.of axes the curves, after 150 throws, for the 40 
three different cases we have been considering. ‚35 
Here we note with greater ease the drop in the 30 E 
peak as the number of different combinations 217 Г). 
increases. In this figure, the ordinates line 51-15 ҒАН 
(frequencies) is always the same; the base-line у: ; N 
15 adjusted for each plotting so that the median 5 
case (even heads and tails) always falls on те 

h li A b - . ] тал, С. } 2 9 Ю 
the same lne. S we obtain successiVely а THROWJT!O 9 в 10 


wider base on which to distribute the number | зхсомјн о 
of cases, the clustering of cases at the mid- 
point becomes less, although the tendency 
persists. | Е 40 
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From 2 we see шат that, in any computation, we must have a 


sufficient number of cases ( 'samples' ') to enable us to draw accurate - 


conclusions, but that an increase in the number of samples, after a 
certain point, does not change the picture very much. Judgment 
enters into this question, but there are some mathematical means of 
helping to determine the reliability of a sample and its sufficiency for 
the purpose at hand. 


Scatter diagram 


Preparation of a scatter diagram descriptive of the coin throws 
would show us something else about them which is of mathematical 
interest. 


We plot data for one series on the X-axis and data for the other | 


series on the Y-axis, drawing a diagonal across the graph and noting 
the relative distance of each 1tem from this line. 


OH IH 2H эн 4H 5H 6н 7H 8H өн юн 
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In Fig. 41, we have a scatter diagram in which the various occurrences 
reported in Table 39 are indicated by tallies.* This diagram shows rather 





*Scatter diagrams frequently make use of dots instead of tallies. By using tallies, however, one saves the 
labor of counts each separate dot in determining frequencies. 
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forcefully the cluster of throws about the point where the number of heads 
and the number of tails is equal, with a dropping off toward the ends of the 
scale. Тһе diagonal line drawn across the diagram 18 the locus of that part 
of the diagram where all of the cases fall. Figs. 42 and 43 show the same 
tendencies for the six- and the ten-coin throws, except that, as we have 
previously noted, the lengthening of the scale causes a wider distribution 
and somewhat reduces the amount of cluster at the mid-point. 

Thus far, we have been considering each kind of coin separately or (in 
the case of Figs. 39 and 43) the total occurrence of heads and tails without 
regard to the kind of coin. In Fig. 44, we 
have a scatter diagram in which the sim- 
ultaneous occurrences are noted. While 
. the frequency is still greatest along the он 
diagonal and near the middle, the distri- 47 
bution no longer holds tight to the middle 4} 
of the chart, but spreads in all directions, 
its intensity decreasing in proportion to $T 
its distance from the line of central tend- эн 


о Ч. 
а theuppet Тр, 4 БЕЗ ШЕШЕ 
3 


left-hand to the lower right-hand corner 5 23 БА М В 2 
instead of from the lower left-hand to the Fig. 44 
upper right-hand corner, the same tendency 
would still persist. 

This is the type of scatter diagram which we shall expect to secure 
when we compare two related series of data. | 
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TEST YOUR ABILITY TO PREPARE SCATTER DIAGRAMS 


1 Select 8 pennies and 8 nickels, keeping a record of the number of heads 
and tails for each on each successive throw. (a) Prepare graphs similar 
to Figs. 37 and 40, showing the situation after each 25 throws. (b) Pre- 
pare a scatter diagram showing the distribution of occurrences after your 
final throw. (You may carry this experiment as far as your patience per- 
sists. ЇГ you tally your results after every 25 or 50 throws, you will 
note the gradual accumulation of highest frequencies toward the center 
of your diagram. To compensate for the tendency of a particular coin 
always to fall in a given way, substitute other coins from time to time.) 


The regression line 


In Figs. 41 to 43, we noted the tendency of the items on the scatter 
diagram to follow a straight path across the diagram. This path is 
known as the line of regression. In these cases, it is a straight line; 
sometimes the observed facts will describe a curve, parabolic or 
otherwise. | | 


STRAIGHT LINE OF REGRESSION 


When the scatter diagram shows a straight-line relationship, we may 
calculate the line of regression by using a formula which bears a close 
resemblance to formula XXVI (p. 1224): | Л 


уе=а-Е д. В Ї 
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The formula is the same as that for secular trend (p. 1224); the values 
of а and 6 are determined either by formulas XXVII and XXVIII 
or by taking: 
Ау c у 
тм (Xx) 
ШУРА WIL 55 
— nàxi—(Xx) 2 
Table 40 shows a calculation of figures based on a comparison of the 


+ П 


cost per pound of wool and the cost per pound of all-wool blankets, 


COST OF WOOL PER POUND AND COST OF ALL-WOOL BLANKETS PER POUND 


YEAR BLANKETS (6 PER LB.) Woor (6 PER LB.) PRODUCT 
y 28 х айу ы! ху. 

1935 120.1 14424.01 31-3 979.69 3759.13 
1936 130.6 17056.36 40.9 1672.81 5341.54 
1937 148.9 22171.21 43.3 1874.89 6447.37 
1938 124.0 15376.00 29.4 3645.60 
1939 126.5 16002.25 36.6 1339.56 4629.90 
1940 146.3 21403.69 41.9 1755.61 6129.97 
1941 155.3 24118.09 47:3 2237.29 7345.69 

Уу =951.7 2: (y2) =130551.61 Ух =270.7 У (x?) =10724.21 У (ху) =37299.20 


prepared to use these formulas. Taking the sums of the columns and. 


substituting them in formulas II and III, we have 
_ (10724.21) (951.7) — (270.7)(87299.20) 109337.217 
эн - 7 (1072421) — (270.7) ~ 179098 - 
_ 7 (87299.20)--(270.7)(951.7) 346921 _ 
2--- RIAT TABA — 179098 19404. 
Then formula I becomes у;--61.04882--1.03704х. 


By inserting in turn the various values of x from Table 40, we obtain 
the values which y would have in the same years if there were perfect 


с-61.04882. 





agreemeht at all times between the wholesale cost of wool and the price 


of the finished blanket. 


For 1935, for example, we should have 
304955 7 61.04882 - (1.93704) (31.3) =61.04882--60.629352 = 121.678172, 


| which is slightly higher than the actual price of 120.1 shown in the у 


column. "The results of the remaining calculations are shown in 
Table 41, column 3. 


TABLE 41 
CALCULATION OF STANDARD ERROR OF ESTIMATE 
OF COST OF BLANKETS 


YEAR y Ус yoy (y =y)? 
1935 120.1 1217 --1.6 2.56 
130.6 140.3 —9.7 94.09 
1937 148.9 144.9 0 16.00 
1938 124.0 118.0 6.0 36.00 
1939 126.5 131.9 —5.4 29.16 
1940 146.3 142.2 4.1 16.81 
1941 155.3 15277 2.6 / 6.76 





X(y—»9? 2201.38 


— [n expecting perfect agreement in such a regression line, we should | 


be assuming that all other factors entering into the cost of blankets 


Уху 
à(x2) 





*Where the original is taken at the middle of the time series, these reduce to а == and b = 
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remained constant. We realize without much reflection that such an 
assumption would be an absurdity. Since other factors (such as rising 
labor costs, increased costs of machinery and operations, consumer 
‚ demand for blankets, etc.) may enter іп, we expect that our estimate 
as found in the regression equation 1s somewhat in error. Itis the extent 
of this error with which we are now concerned. 


STANDARD ERROR OF ESTIMATE 


By using formula I to compute a value for у (у, based on each of 
the given values of x, we have a basis by which to compare the devia- 
tions of the actual values from the estimated values of уг. The process 
of determining the standard error of estimate is completed by adding the 
squares of these deviations, dividing. by the number of cases, and 
extracting the square root: 

ny 2 
а, IVa 

Substituting the value of (у — y)? found in Table 41 in this formula, 
we have | 
201.38 

TES, 


Short method—A shorter way of arriving at the same result is given 
in formula IVb, which makes use of results already улт in Table 40 
and of the computations of the а and 2 values: 


| 
= (200 о) | Vb 


Substituting these values, we have 
131551.61 — [ (61.04882) (951.7) + (1.93704) (37299.20) | 
| 1 


зо = V28.768 = 4-5.3637. 


Sy = 


_ [191551.61 — (58100.161994 4- 72250.042368) 
222 ыы ovo TUER оа 
2-2 131551.61 — 130350.20462 
= eee Oe 


201. шин 4.5.3667, 


| which differs from our preceding calculation by an insignificant amount. 
. Corrected value—The corrected value of S, (designated as 4,), to 
overcome bias introduced by the calculations, is determined by taking 
. into account the number of constants in the regression line (the 
constants being un. a by ж): 





59-62 Є | ы 
127—247 
= (b. 36)*( = rz- 28. 7296( £ J- ——— -402214 
Then . Sy= +6.34. | 
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. TEST YOUR KNOWLEDGE OF REGRESSION LINES 


2 The wholesale price of cotton, in cents per pound, was 11.9 in 1935, 12 
in 1936, 11.3 in 1937, 8.7 in 1938, 9.1 in 1939, 10.1 in 1940, and 13.8 in 
1941. For the same years, the wholesale price of cotton print cloth was: 
1935, 4.9; 1936, 4.3; 1937, 4.8: 1938, 3.6; 1939, 3.6; 1940, 3.8; and 1941, 
5.5. Calculate (a) the regression line; (b) the standard error of esti- 
mate of these figures, using both methods of computation. 


3 From data of Table ¢, determine (a) the regression line and (b) the stand- 
ard error of estimate when retail food prices are compared with wholesale. 


TABLE © 
PRICES, WHOLESALE, RETAIL, AND FARM—INDEXES, 1927-1941 


(The paragraphs quoted on page 1238 explain the methods by which the figures in 
columns 2 and 4 were determined.) 


WHOLE- RETAIL TARM HOUSE FUEL, 
YEAR SALE Еоор Du ra FURNISH- CLOTHING RENT ELECTRICITY , MISCELLANEOUS 

PRICES PRICES INGS AND ICE 
1927 95.4 132.3 139 115.9 118.3 148.3 115.4 103.2 
1928 96.7 130.8 149 1134 116.5 144.8 113.4 103.8 
1929 95.3 132.5 146 111.7 115.3 141.4 112.5 104.6 
1930 86.4 126.0 126 108.9 112.7 137.5 111.4 105.1 
1931 73.0 103.9 87 98.0 102.6 130.3 108.9 104.1 
1932 64.8 86.5 65 85.4 90.8 116.9 103.4 101.7 
1933 65.9 84.1 70 84.2 87.9 100.7 . 100.0 98.4 
1934 74.9 93.7 92.8 96.1 94.4 101.4 97.9 
1935 80.0 100.4 108 94.8 96.8 94.2 100.7 98.1 
1936 80.8 101.3 114 96.3 97.6 96.4 100.2 98.7 
1937 86.3 105.3 121 104.3 102.8 100.9 100.2 101.0 
1938 78.6 97.8 95 103.3 102.2 104.1 99.9 101.5 
1939 TT 95.2 93 101.3 100.5 104.3 99.0 100.7 
1940 78.6 96.6 8 100.5 101.7 104.6 99.7 101.1 
1941 87.3 105.5 122 108.2 106.5 105.9 102.5 104.0 


4 Again using Table t, calculate (a) the regression line and (b) the stand- 
ard error of estimate when retail food prices are compared with farm prices. 


Correlation 


From the size of the standard error of estimate, we are able to 
determine how close the relationship between the series we are com- 
paring really is. By dividing the standard error of estimate by the 


65 ; сае 
standard deviation, we make the factor of dispersion, =e a constant. 


y 
In a perfect relationship, since there are no deviations from the line of 
Бог 5 
regression, 5у=0 and, as a result, = =O. As the relationship becomes 


У • e . \ а 
poorer, we approach 1 (ог 100%) as a limit. Since we usually think of 
unity as indicating perfection, use of this value would require a com- 
plete reversal of our customary thinking. To avoid this, we subtract 


our ratio, = from 1, thus bringing our computation into line with 


У • • 
what we should logically expect. Here a result of 0 indicates ап 
imperfect relationship, while a result of 1 indicates perfect relationship. 
The nearer the result is to 1, the more nearly dependable is the re 


lationship between the series. | с. 


\ 














SSCS Ene ~ 





STATISTICS —— 





LINEAR CORRELATION 


In making use of the ratio between 5, and c,, we find that more 
accurate results are obtained by squaring each quantity before sub- 
tracting the ratio from 1. Тһе result, called the coefficient of correlation 
and designated by 7, 18: | 


_ „ |] (52° 
Squaring both sides gives us the coefficient of determination: 
КӨМКЕРЕ 
ju] СӘН ҮП 


Similarly, using & to denote the coefficient of alienation, we have: 


VAL A ECL E GTP x 
ie vi-n-q1- [1-25] re а 


the other value which we discussed on page 1248. 








When the 4 value for our regression line is negative, we take the 
negativé square root as our value for 7 or #; when the 2 value 18 positive, 
we take the positive square root. | 


NON-LINEAR CORRELATION 


In considering non-linear correlation, we use virtually the same 
formula as VI, but we distinguish our value as the indéx of correlation, 


expressing 1t as o (the Greek letter, rho): 





КТ ТЕГІ | 
Був" 1 (o)? IX 


Note that it is necessary, when considering р, to indicate which variable 
18 assumed to be dependent. 

Just as we previously adjusted 5, (p. 1247), so also we may secure 
corrected estimates of 7 and e: 








#=1—(—®%( == Х 

34 = GIL 

idein Seq aspe IES XI 
фух Рух 39] 


In general, use of the curvilinear function rather than the straight line 
increases the per cent of variation, giving a better fit since the corrected 
standard error of estimate is smaller. 
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PRODUCT MOMENT METHOD 


A simpler formula for obtaining 7, known as the product moment 
method, 18 expressed by : 


pat С ки 


Ox бу 





where (for ungrouped data) 


nre X) 
“(28-(5у a ) 


and dor БИН! data) · 


An Х/(4,4,) СЕ yas Ја, :) 
22 ur -( ша | ay 





When this method is used, the computation of p indicates the sign of r. 


The typical change а in y for a given change in x is found by 
years ex | XIla 
while the similar formula to show the regression of x on y is 
=у.-®.у, | XIIIb 
бу қ 
Use of this method eliminates the necessity of calculating: the 
regression line and the standard error of estimate before determining 7. 


SPEARMAN FORMULAS 


The rank method of measuring correlation consists of inspecting the 
‘two sets of data which are being compared and of assigning each item a 
number designating its order, or rank, when the items are ranged from 
highest to lowest. The differences between the two ranks (designated 
Бу. | О |) ате ЕЕ squared, and added. Then 
6X([DI?) | 

аз; = 

In the case of two or more items having the same rank, we may use 
either the bracket method, in which all similar items are ‘assigned the 
same number but the next lower item is assigned a position in the scale 
just as if they had been numbered differently, or the mid-rank method, 
in which two items which should each be numbered 4 (for example) 

















would be assigned the rank of 4.5, the next lower item being ranked 6, or 
three tied items (e.g., 4,5,6) would all be ranked 5, etc. 

In Table 42, where the item, "Number of customers, 99", appears 
three times, each арреагапсе 1s ranked 4 since the next higher number, 
104, was ranked 3; the next lower number, 97, however, ranks 7, 


TABLE 42 


RANK ORDER CORRELATION DATA FOR CUSTOMERS AND SALES—BRACKET METHOD 
DEPART- NUMBER OF AMOUNT 


MENT CUSTOMERS OF SALES Ес Rs po) | D]? 
l 89 26.40 14 14 0 0 

2 97 29.70 4 4 3 9 

3 85 26.40 16 14 2 4 

4 28.20 9 Т 2 4 

5 104 30.60 3 2 1 1 

6 93 27.10 10 12 2 4 

7 87 26.20 15 16 1 | 

8 28.50 4 6 2 4 

9 93 27.30 10 1 1 

10 82 25.20 18 18 0 0 
11 106 30.30 1 3 2 4 
12 99 27.30 4 9 5 25 
13 84 25.50 17 17 0 0 
14 29.10 4 5 1 1 
15 105 31.20 2 1 1 1 
16 90 27.90 13 8 5 25 
17 95 27.30 8 9 1 1 
18 91 21-10 12 12 0 0 

n =18 2|Р| «29 & (122) =85 


since there аге sx higher numbers in the list. By the mid-point 
method, shown in Table 43, the 99's are ranked as 5 (the median 
number 1n the 4-5-6 range). Similarly, in Table 42, 93 receives each 


TABLE 43 


RANK ORDER CORRELATION DATA FOR CUSTOMERS AND SALES—MID-RANK METHOD 
DEPART- NuMBER OF AMOUNT 


MENT СовтомЕв5 OF SALES Rc Ёс |D| 122 
1 89 26.40 14 14.5 0.5 0.25 
2 97 29.70 7 4 3 9 
2 85 26.40 16 14.5 1.5 2:25 
4 94 28.20 9 2 4 
5 104 30.60 1 1 
6 93 27.10 10.5 12.5 2 4 
T 87 26.20 15 16 1 1 
8 99 28.50 1 1 
9- 3 24.30 10.5 10 0.5 0.25 
10 82 25.20 18 18 0 0 
11 106 30.30 1 3 2 4 
12 99 27.30 10 5 25 
13 84 25.50 17 17 0 0 
14 99 29.10 4 5 1 1 
15 105 31.20 2 1 i 1 
16 27.90 13 8 5 25 
17 95 27.30 10 2 2 
18 91 27.10 12 12.5 0.5 0.25 
п —18 Х|р|-28 Z(|Dp)-81 


time a rank of 10, while in Table 43, it receives a rank of 10.5. That 
there is little difference in the final outcome is shown by the calcula- 
tions of the р value by the two methods. EL 


Bracket METHOD: 


6-85 510 | 
Mip-point METHOD: | 
6-81 486 
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If the original data follow the normal distribution, we may compute 
r by taking | | 


r=2 sin (69) | _ ХУ 


Taking С to represent positive differences in rank, Spéarman’s 
foot-rule give us an approximation to the correlation: | 


R-1-920 ., XVI 
By the product moment method, we find r directly: 
522 | 


(7E. Ed : ХУП 


Computing the data as in Table 44, we arrive at 
171.15: —0.857 

м (871)С-:45:745) © EB 

Here we first get the arithmetic mean of each rank, noting in the 

difference columns the amount by which each item deviates from the 


у == 





TABLE 44 
PRODUCT MOMENT DATA FOR CORRELATION OF CUSTOMERS AND SALES 
DEPART- NUMBER OF AMOUNT : : ; : 

MENT CUSTOMERS OF SALES d. 4, (а,22 (dy)? 4,4, 
1747 89 26.40 --5 -1.45 25 2.1025 7:25 
2 97 29.70 3 1.85 3.4225 5.55 
3 85 26.40 -9 -1.35 81 : 1.8225 12515 

4 28.20 0 0.3 0 0.1225 
5 104 30.60 10 2:75 100 7.5625 27.50 
6 93 27.10 —1 —0.75 1 0.5625 0.75 
7 87 26.20 —7 —1 49 2.7225 11.55 
8 28.50 5 0.65 25 0.4225 3.25 
9 93 27.30 -1 -0.55 1 . 0.3025 0.55 
ЗЛОГ + 82 25:20 -12 — 2.65 144 7.0225 31.85 
11 106 30.30 12 0.45 144 0.2025 5.40 
12 99 27.30 —0.55 25 0.3025 —2.75 
19 84 25.50 -10 -2.35 100 5,5225 23.50 
14 99 29.10 5 1:25 25 1:5625 6.25 
15 105 31.20 11 3:35 12 11.2225 36.85 
16 90 27; -4 0.05 16 0.0025 -0.20 
17 95 27.30 1 -0.55 1 0.3025 -0.55 
18 91 27.10 —3 —0.75 4 0.5625 2.25 
>с =1692 Ес —501.30 (2,22 =871 Х(а, 2 =45.745 Х(а4,4,) =171.15 

М Ас =94 М А =27.85 


arithmetic mean. We square each of these deviations and also take 


the products of the comparable pairs, then summing them. 


TEST YOUR KNOWLEDGE OF CORRELATON 


5 Use the product moment to determine correlation between wholesale 
and retail prices, taking the data of Table t. | 


Multiple correlation 
By multiple correlation, we may measure the relationship between a 


dependent variable and two or more independent variables. Here we 


use x, to indicate the dependent variable, and xs, xs, . . . , to indicate 
the independent variables. шоо 22 T 








à зао 
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LINEAR CORRELATION 


The linear regression equation for two independent variables is 


X12: а ЕФ . aXo-l- 013. оз, * XVIII 
while for three independent variables it becomes 
X17 4- £15 . saXod- аз. 24Xa-- ба. 98Х4, ХЇХ 


and so on. 
The normal equations for XIX are: 
Ух = паа . зао bis . 24x3 ба. өз ХА 
Ух = ахз |Р . за Рз аа хода + Фа. 2321X9X4 
Ххуха = AUK etre .342156Х3-1-218 . 3422X2 14 . 324Х3Х4 
Deg = ДА + Pis. 4 Хоха Раз . од2а Хаха Ебі. 232152 . 


If we assume the origin of the equation to be at the point of averages, 
it follows that 
212743. 3402+213 . 24923 F14- 2324 


Pis= ie. 34Dos-t аз. 2402-414 . 23 34- 
147412 . aa Ius . олрза | Dia . 2353 . 
By solving these simultaneous equations, we secure the values of 


12 • 34 біз . 94, and #14 . 28• 


The standard error of estimate is obtained from the formula, 





2: (42 
Si. sin e XXa 
Ог St • 934 = o? — 612 А 3412 — 413 . 24Р13— 214 - 23214 - XXb 


In the same way, we obtain the coefficient of multiple correlation 
from 


Ё\. шаи ХХІа 
gi | | 
со R? | ee ‚ Diet біз. LECT . 23P 14 XXIb 
1 


The other coefficients (determination, non-determination, and 
alienation) are found as in simple correlation (p. 1249). 


NON-LINEAR CORRELATION 


When considering non-linear multiple correlation, we use fx, to 
indicate any function of x,. This function may take the form of any 
of the curves considered on pages 1223-1229. 


x17 4 -fxad-fxs- f/x44- . XXII 





*Note that b12 . з (read “b sub one two dot three”, той “№ twelve") indicates the number of units of сана! іп 
the dependent variable (x) for a given unit of change in x2, etc. 
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Partial correlation 


Sometimes we wish to determine the separate effect or influence of 
each independent variable. То eliminate the effect of other inde- 
pendent variables, we use the coefficient of partial correlation: | 


т | XXII 
£u c c IE IG 20:25 
713.247 У Dis. 24 . 231 - 24 ХХТІТЬ 


А а 
Г a, ОГ 714 «3-5 D AXIIIC 


These formulas should not be confused with the coefficient of part 
correlation, now not much used, which 18 expressed as 
bis . 409 
12/94 — 7 5— соев је | XXIV 
о the subscri pts оо the r indicate which variables have been 
excluded. : 

By means of Zeta coefficients, we may determine the relative impor- 
tance of each of the independent variables. These are obtained by 
dividing each of the variables in the multiple regression equation, 

X12 а-ә . ако 1з. 9X3 5 
28 its standard deviation, as | 


X1 9 
— = 44-019 282% —-213 Qe 
' 91 ©з ; 
Тћеп S ор 
Bie з = 219 Зз. ceno ; XXVa 
01 : 
бз 
and · | | біз : о = 213 DEAE = XXVb 
qu | 5 


INTERPRETATION ОГ CORRELATION 


FORMULA FOR p 
FonMULA FOR FORMULA FOR PROBABLE 





























MEASURE ш» ii ааа ERROR or MEASURE 
Coefficient 2 1:272 > 
of corre- r—Wl-— D бу = = PE, —0.6745 . = 
latior у) n n 
: 3 1—7? 
5 
Index of (Sy)? 1—27? 1222 
Rane: = 1-2 cp = — | PE» =0.6745 - 
p pM — a м PM 
Coefficient 6x(|DP) ЕЕ р 
of rank Dr R COD | 201 | PE» =0.6745 UU 
correlation E Айс | 
Coefficient 52 l 1-12. ВА 
of multiple Аь. 234 = S1 с Ку заг PER=0.6745 - mI E 
correlation 1 | л | poc Y HS 
Coefficient ; о та ва Ir, - 34 
ofpartial 7 E. 22 пз. M oUm PE Ел? .34 0.0745 - VENUE 


correlation el Fig. 45 




















TABLE XCIX | 
VALUES OF THE FUNCTION AND AREAS UNDER THE GAUSSIAN CURVE 





Ч AREA AREA 
UNDER Ч ORDI- UNDER 2 ORDi- 
THE NATE THE NATE 
CURVE CURVE 
А 0.0000 0.00 0.3989 0.4938 2.50 0.0175 
0199 0 3984 .4946 2.55 0155 
0398 19 3970 .4953 2.60 0136 
0596 .15 3945 .4960 2.65 0119 
0793 .20 3910 .4965 2.70 0104 
0987 25 3867 .4970 2.75 0091 
1179 30 3814 .4974 2.80 0079 
1368 35 3752 .4978 2.85 0069 
1554 40 3683 .4981 2.90 0060 
1736 45 3605 .4984 2.95 0051 
.1915 50 3521 .4987 3.00 0044 
А 55 3429 .4989 3.08 0038 
2258 60 8592 .4990 3.10 0033 
.2422 65 2280 .4992 3.15 0028 
2580 70 3123 .4993 3.20 0024 
2734 75 3011 .4994 3.25 0020 
2881 80 7 .4995 3.30 0017 
3023 85 2780 .4996 3.35 0015 
3159 99 2661 4997 3.40 0012 
3289 95 2541 .4997 3.45 0010 
3413 1.00 2420 .4998 3.50 0009 
3531 1.05 2299 .4998 3.55 0007 
3643 1.10 2179 .4998 3.69 0006 
3749 1.15 2059 ‚4999 3.65 0005 
384 1.20 1942 .4999 3.70 0004 
3944 1.25 1827 .4999 3.75 0004 
4032 1.30 1714 „4999 3.80 0003 
4115 1.35 1604. .4999 3.85 0002 
4192 1.40 1497 „5000 3.90 0002 
4265 1.45 1394 „5000 3.95 0002 
4332 1.50 1295 .5000 4.00 0001 
4394 1.55 1200 .5000 4.05 0001 
4452 1.60 1109 .5000 4.10 0001 
4505 1.65 1023 .5000 4.15 0001 
4554 1.70 0941 .5000 4.20 0001 
4599 1.75 0863 .5000 4.25 0001 
4641 1.80 .0790 .5000 4.30 0000 
4678 1.85 .0721 .5000 4.35 0000 
ч 4713 1.90 „0656 .5000 4.40 0000 
4744 1.95 .0596 .5000 4.45 0000 
4773 2.00 „0540 25 4.50 0000 
4798 2.05 0488 .5000 4.55 0000 
4821 2.10 .0440 .5000 4.60 0000 
е 4842 2.15 0396 .5000 4.65 0000 
4861 2.20 0355 .5000 4.79 0000 
4878 2,25 0317 „5000 4.75 0000 
4893 2.30 .0283 .E000 4.80 0000 
4906 2.35 .0252 .5000 4.85 0000 
4918 2.40 .0224 .5000 4.90 0000 
4929 2.45 0198 5000 4,95 
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CAL MATHEMATICS 





| ACTORS FOR ADJUSTING MONTHLY DATA FOR NUMBER OF 
CALENDAR DAYS PER MONTH 


ORDINARY YEARS 


CALEN- 
DAR 


Days 


RATIO OF 


ACTUAL TO 


AVERAGE 
CALENDAR 
Days 


1.01918 


0 
1.01918 


RECIPROCAL 


ОЕ 
RATIO 


98.11809 
108.63071 
98.11809 
101.38903 
98.11809 
101.38903 
98.11809 
98.11809 
101.38903 
98.11809 
101.38903 
98.11809 


LEAP YEARS 
RATIO оғ: 
CALEN- ACTUAL TO RECIPROCAL 
. MoNTH DAR AVERAGE OF ©: 
Days CALENDAR Ratio 
| Davs 
January 3l 1.01639. 98.35791 
February 29 ^ 0.95082 105.17238 
March 3l 1.01639 98.35791 
April 30 0.98367 101.66011 
May ST 1.01639 98.35791 
June 30 0.98367 101.66011 
July ЗТ 1.01639 98.35791 
August 31 1.01639 . 98.35791 
September 30 0.98367 101.66011 
October 31 -1.01639 .. 98.35791 
November 30 0.98367 /101.66011 
December. 31 1.01639 · 98.35791 
366 
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| | TABLE СИ | 
PROBABILITY OF THE OCCURRENCE OF STATISTICAL DEVIATIONS 


When the number of standard errors is as given in the second column, the probability that a deviation as 
great as or greater than the designated number of standard errors will occur is shown in the first column and 
the likelihood that so great a deviation will not occur is shown in the third column. 


Огоо NUMBER ок Opps ` PROBABILITY NuMBER OF Оррз 
оғ: STANDARD AGAINST OF STANDARD. AGAINST 
OCCURRENCE ERRORS OCCURRENCE OCCURRENCE ERRORS OCCURRENCE 
50.00 % 0.67449 1.00 : 1 1.24 % 2.5 - 79.52:1 
48.39 0.7 1.07 :1 0:932 2.6 106.3 :1 
42.37 0.8 1.36 : 1 0.693 2:7 1432 :1 
36.81. 0.9 1.72221: 0.511 2.8: 194.7 :1 
81:73 1.0 Е 2.15:21 0.373 г 2.95: 267.0 :1 
27.13 1.1 2.69.: 1 0.270 | 3.0 369.4 :1 
23.01 1.2 335:1 0.194 3.1 515.7 :1 
19.36 . 1.3 4.17 :1 0.137 3.2 726.7 :1 
16.15 1.4 519:1 0.0967 3.3 1058524 
13:36 1.5 648:1 0.0674 | 3.4 1483 : 1 
10.96 1.6 8.12 :1 0.0465 3.5. 2149 :1 
8.91 1.7 10.22 : 1 0.0318 3.6 3142 1:1 
7.19 1.8 12.92 : 1 0.0216 ` 3.7 4637-1 
5.74 1.9 16.41:1 0.0145 3.8 бӨТБЕ е 1 
4.55. 2:0. 9552 20.98 : 1: 0.00962 . 3.9 — 10390 :1 
3.57." 2.1 26.99:1 - 0.00634 4.0 — 157702221 
2:78 2225 34.96 : 1 00000573 .. 50: 1744000 :1 
2.14. 2.3 45.62 :1 0.00000020 6.0 500000000  :1 
1.64. 2.4 60.00:1 24 


0.00000000026 7.0 400000000000 


TABLE СЇН 
t TABLE FOR SMALL SAMPLES 


n —1* 50% 95%, 99%, п-1% 50% 95%, 99% 
1 1.000 12.706 _ 63:657 16 0.690 2.120 2.921 
2 0.816 453087” 9,925 17 0.689 2.110 2.898 
3 0.765 3.182 5.841 18 0.688 2.101 2.878 
4 0.741 522:776 7-7 4.604 19 0.688 2.093 2.861 
5 0.727 2.571 4.032 20 0.687 2.086 2.845 
6 0.718 2.447 3.707 21 0.686 2.080 2.831 
7 0711557 42:365 3.499 22 0.686 2.074 . 2.819 
8 0.706: -=--2.306 3.355 23 0.685 2.069 2.807 · 
9 0.708; ==: 2.262 3.250 24 0.685 2.064 2.197. 

100700 = 2.228 3.169 25 0.684 2.060 227872 
112-0697 2.201 3.106 26 0.684 2.056 . 2.779 
12. 0.695 2.179 3.055 27 0.684 ` 2.052 2.771 
13 0.694 2.160 3.012 28 0.683 2.048 2.763 _ 
14 :.. 0.692 - 2.145 2.977 29 0.683 2.045 2.756 
15 . 0.601 2.131 2.947 30 0.683 2.042 2.750 





*By taking the bold numerals to read “т--2”, this table may be used also for the standard error of the co- 
efficient of correlation in samples involving. fewer than 30 cases. 
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0.0671 
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STATISTICS 


.TABLE CV 


FACTORS FOR COMPUTING PROBABLE ERROR 
0.6745 2 0.6745 0.6745 : 0.6745 | 
“л-і У n(n —1) Ул-1 У n(n—1) | 
== 1 mE 0.0954 51 0.0134 
е 0.6745 DX 0.4769 0945 52 0131 
4769 3 2754 0935 53 0129 
.3894 4 1947 0927 54 0126 
:3372 5 .1508 0918 55 0124 
4 3016 6 1231 0910 56 0122 
:2754 7 1041 .0901 57 0119 
.2549 8 0901 .0893 58 0117 
.2385 `9 0795 0886 59 0115 
2248 10 0711 0878 60 0113 
2133 11 0643 .0871 61 0112 
2034 12 0587 „0864. 62 0110 
1947 13 0504 0857 63 0108 
1871 14 0500 0850 64 0106 
1803 15 0465 0843 65 0105 
1742 16 0435 0837 66 0103 
1686 17 0409 0830 67 0101 
1636 18 0386 0824 68 0100 
1590 19 49365 0818 69 0099 
1547 20 0346 10812 70 0097 
1508 21 0329 .0806 "i 0096 
1472 22 0314 _ 10801 72 0094 
1438 23 0300 .0795 73 0093 
1406 24 0287 .0789 74 0092 
1377 25 0275 .0784 75 0091 
1349 26 0265 :0779 76 0089 
1323 27 0255 .0773 77 0088 
1298 28 0245 .0769 78 0087 
1275 29 0237 0754 79 0086 
1252, 30 0229 :0759 80 0085 
1231 31 0221 :0754 81 0084 
1211 32 0214 0749 82 0083 
1192 33 0208 0745 82 0082 
1174 34 0201 0740 84 0081 
1157 35 0196 0736 85 0080 
1140 36 0190 0732 86 0079 
1124 37 0185 0727 87 0078 
| 1109 38 0180 .0723 88 0077 
| 1094 39 0175 0719 89 0076 
a 1080 40 0171 .0715 99 0075 
| 1066 41 0167 0711 91 0075 
| 1053 42 0163 0707 92 0074 
1041 43 0159 :0703 93 0073, 
1029 44 0155 0699 94 0072, 
я 1017 45 0152 0696 95 0071 
1005 46 0148 :0692 95 0071 
0994. 47 0145 .0688 97 0070 
0984 48 0142 .0685 98 0069 
0974 49 0139 . 0681 99 0069 
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TABLE СМ! 
FACTORS FOR COMPUTING PROBABLE ERROR OF MEDIANS 


0.8453 


У n(n-—1) 


0.5978 
451 
2440 
‚1890 


‚1548 
„1304 
.1130 
.0996 
0891 


.0806 
.0736 


0.8453 


n(vn-—1l) 
0.0023 


са — bad 


їг 











TABLE СУ! | 


PROBABLE ERROR OF THE PRODUCT MOMENT COEFFICIENT 
n 0 2 4 6 8 
20 0.1508 0.1448 0.1267 0.0965 0.0543 
40 1066 102 .0896 0683 0384 
60 0871 0836 (9792 0557 0313 
80 0754 0724 .0633 0483 0271 
100 0674 0648 .0567 0432 0243 
120 0616 0591 0517 0394 0222 
140 0570 0547 0479 0365 0205 
169 0533 0512 0448 0341 0192 
180 0503 0483 „0422 0322 0181 
200 0477 0458 „0401 0305 0172 
220 0455 0437 0382 0291 0164 
240 0435 0418 .0366 0279 0157 
260 0418 0402 .0351 0268 0151 
280 0403 0387 .0339 0258 0145 
300 0389 0374 0927 0249 0140 
220 0377 0362 DOT 0241 0136 
340 0366 0351 .0307 0234 0132 
360 0355 0341 .0299 0228 0128 
380 0346 0332 .0291 0221 0125 
400 0337 0324 .0283 0216 0121 

420 0329 0316 .0276 0211 0118 
440 0322 0309 .0270 0206 0116 
460 0314 0302 .0264 0201 0113 
480 0308 0296 .0259 0197 0111 
500 0302 0290 20253 0193 0109 
529 0296 0284 ‚0248 0189 0106 
540 0290 0279 „0244 0186 0105 
560 0285 0274. .0239 0182 0103 
580 0280 0269 .0235 0179 0101 
609 0275 0264 .0231 0176 0099 
620 0271 0260 .0228 0178 0098 
640 0267 0256 0224 0171 0096 
660 0263 0252 .0221 0168 0095 
680 0259 0248 0217 0166 0093 
790 0255 0245 0214 0163 0092 
720 0251 0241 0211 0161 0090 
740 0248 0238 0208 0159 0089 
760 0245 0235 .0206 0157 0088 
780 0242 0232 .0203 0155 0087 
800 0238 0229 .0200 0153 0086 
820 0236 0226 .0198 0151 0085 
840 0233 0223 .0195 0149 0084 
860 0230 0221 .1093 0147 0083 
880 0227 0218 .0191 0146 0082 
900 0225 0216 .0189 0144 0081 
920 0222 0213 .0187 0142 0080 
940 0220 0211 . ,0185 0141 0079 
960 0218 0209 .0183 0139 0078 
980 0215 0207 0181 0138 0078 














TABLE СУП! 
CORRELATION VALUES 


qe 


0.8660 
.8631 
‚8602 
.8573 
8544 


„8915 
„8485 
8456 
8426 
.8396 


„3367 
„9937 
„8307 
49277 
.8246 


.8216 
49183 
.8155 
8124 
.8093 


«8062 
8031 
.8000 
.7969 
1097 


.7906 
.7874 
.7842 
.7810 
„7719 


„7746 
.2714 
.7681 
.7649 
„7616 


.7583 


ғ 


.679 
„675 


.695 


720 
725 
735 
.740 
„745 


Vl—r 


0.7071 
./036 
.7000 
.6964 
„6928 


‚6892 
„6856 
.6819 
.6782 
.6745 


.6708 
.6671 
.6633 
.6596 
бабу 


„6219 
„6481 
„6442 
„6403 
„6364 


„6325 
„6285 
„6245 
„6205 
„6164 


„6124 
‚6088 
‚6042 
‚6000 
„5958 


„5916 
.5874 
ool 
.5788 
.5745 


5701 
Oot 
.5613 
.5568 
.ББ28 


.5477 
„0431 
.5385 
„2859 
„5292 


20244 
.5196 
5148 
.5099 
.5050 














TICS 





x 


et 
со «00-3 Gib Со Ка на 


COMPUTATIONAL VALUES 
p 1 
~ n(n—1) Ул 

КЕ 0.14003 
0.70711 .13868 
.40825 .13736 
.28868 .13608 
.22361 13484 
216252. .13363 
.15430 13245 
.13363 18131 
.11785 .13019 
‚10541 „12910 
.09535 .12804. 
08704 212700 
.08006 .12599 
.07413 .12500 
.06901 .12404 
.06455 .12309 
.06063 :12217 
.05717 212124 
.05407 .12039 
.05130 .11952 
04880 .11868 
04652 .11785 
04446 .11704 
04256 .11625 
04083 .11547 
03922 411471 
03774 11396 
03637 11323 
03509 11251 
03390 11180 
03279 11111 
03175 ‚11043 
03077 „10976 
02985 10911 
02899 10847 
02817 10783 
02740 10721 
02667 10660 
02598 10600 
02532 10541 
02469 10483 
02409 10426 
02353 10370 
02299 10314 
02247 10260 
02198 10206 
02151 10154 
02105 10102 
02062 10050 
02020 10000 





TABLE CIX 


(а-а) 


0.01980 
.01942 
.01905 · 
.01869 
01835 


0.1802 
0.1770 
.01739 
.01710 
‚01681 


‚01653 
‚01626 
01600 
01575 
01550 


:01527 
‚01504 
‚01482 
‚01460 
‚01439 


01419 
.01399 
.01379 
.01361 
.01342 


.01325 
.01307 
.01290 
.01274 
.01258 


.01242 
.01227 
.01212 
.01198 
01184 


01170 
‚01156 
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TABLE CIX (Continued) 
COMPUTATIONAL VALUES 


10% n 4/10» 107 7 2710” 
3.16228 1 2.15444 22.58318 51 7.9 
4,47214 2 2.71442 22.800951 52 804188 
5.47723 3 3.10723 23:02173 53 8.09267 
6.32456 4 3.41995 23.23790 54 8.14325 
1.07107 5 3.68403 23.45208 55 8.19321 
7.74597 6 3.91487 23.66432 56 8.24257 
8.36660 7 4.12129 28.87467 57 829134 
8.94427 8 4,30887 24,08319 58 8.33955 
9,48683 9 4,48141 24.28992 59 8.38721 

10.00000 10 2.15444 24.49490 60 8.43433 
10.48809 11 4.79142 24.69818 61 8.4809 

10.95445 12 4.93242 24.89980 62 852702 
11.40175 13 5.06580 25.09980 63 8.57262 
11.83216 14 5.19249 25.20822 64 8.61774 
12.24745 15 5.31329 25.49510 65 8.66239 
12.64911 16 5.42884 25.69047 66 8. 70659 
13.03840 17 5.53966 25.88436 67 8.75034 
13.41641 18 5.64622 26.07681 68 8.79366 
13.78405 19 5.74890 26.26785 69 8.83656 
14.14214 20 5.84804 26.45751 70 8.87904 
14,49138 21 5.94392 26.64583 71 8,92112 
14.83240 22 6.03681 26.83282 72 8.96281 
15.16575 23 6.12693 21401851 73 9.00411 
15.49193 24 6.21447 27.20294 74 9.04504 
15.81139 25 6.29961 27.38613 75 9.08560 
16.12452 26 6.38250 27.56810 76 9.12581 
16.43168 27 6.46330 27.74887 47 9,16566 
16.73320 28 6.54213 27.92848 78 9.20516 
17.02939 29 6.61911 28.10694 79 9.24434 
17.32051 30 6.69433 28.28427 80 9.28318 
17.60682 31 6.76790 28.46050 81 9.32170 
17.88854 32 6.83990 28.63564 82 9.35990 
18.16590 33 6.91042 28.80972 83 9.39780 
18.43909 34 6.97953 28.98275 84 9.43539 
18.70829 35 7.04730 29.15476 85 9.47268 
18.97367 36 7,11879 29.32576 86 9.50969 
19.23538 37 7.17905 29.49576 87 9.54640 
19.49359 38 1.22516 29.66479 88 9.58284 
19.74842 39 7.30614 29.88287 89 9.61900 
20.00000 40 7.36806 30.00000 90 9.65489 
20.24846 41 7.42896 30.16621 91 9.69052 
20.49390 42 7.48887 30.33150 92 9.72589 
20.73644 43 7.54784 30.49590 93 9,76100 
20.97618 44 7.60591 30.65932 94 9.79586 
21.21320 45 7.66309 30.82207 95 9.83048 
21.44761 4.6 7.71944 30.98387 96 9.86485 
21.67948 47 7.77498 31.14482 97 9.89898 
21.90890 48 7.82974 31.30495 98 9.93288 
22.13594 49 7.88374 31.46427 99 9.96656 
22.36068 50 7.93701 31.62278 100 10.00000 
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TABLE CIX (Continued) 
COMPUTATIONAL VALUES 





4/10% n 4/1002 А/10л n 4/100% 
10.0000 10 10.0000 71.4143 510 37.0843, 
14.1421 20 12.5992 72.1110 520 37.3251 
17.3205 30 14.4225 72.8011 530 37.5629 
20.0000 40 15.8740 73.4847 540 37.7976 
22.3607 50 17.0998 74.1620 550 38.0295 
24.4949 60 18.1712 74.8331 560 38.2586 
26.4575 70 19.1293 75.4983 570 38.4850 
28.2843 80 20.0000 76.1577 580 38.7088 
30.0000 90 20.8008 76.8115 590 38.9300 
31.6228 100 21.5444 77.4597 600 39.1487 
33.1662 110 22.2398 78.1025 610 39.3650 
34.6410 120 22.8943 78.7401 620 39.5789 
36.0555 130 23.5134 79.3725 630 39.7906 
37.4166 140 24.1014 80.0000 640 40.0000 
38.7298 150 24.6621 80.6226 650 40.2073 
40.0000 160 25.1984 81.2404 660 40.4124 
419511 170 25.7128 81.8535 670 40.6155 
42.4264 180 26.2074 82.4621 680 40.8166 
43.5890 190 26.6840 83.0662 690 41.0157 
44.7214 200 27.1442 83.6660 700 41.2129 
45.8258 210 27.5892 84.2615 710 41.4082 
46.9042 220 28.0204 34.8528 729 41.6017 
47.9583 230 28.4387 85.4400 730 41.7934 
48.9898 240 28.8450 86.0233 740 41.9834 
50.0000 250 29.2402 86.6025 750 42.1716 
50.9902 260 29.6250 87.1780 760 42.3582 
51.9615 270 30.0000 87.7496 770 42.5432 
52.9150 280 30.3659 88.3176 780 42.7266 
53.8516 290 30.7232 88.8819 790 42.9084 
54.7723 300 31.0723 89.4427 800 43.0887 
55.6776 310 _ 31.4138 90.0000 810 43.2675 
56.5685 320 31.7480 90.5539 820 43.4448 
57.4456 330 32.0753 91.1043 830 43.6207 
58.3095 340 32.3961 91.6515 840 43.7952 
59.1608 350 ao 7107 92.1954 850 43.9683 
60.0000 360 33.0193 92.7362 860 44.1401 
60.8276 370 33.3222 93.2738 870 44.3105 
61.6441 380 33.6198 93.8083 880 44.4796 
62.4500 390 33.9121 94.3398 890 44.6475 
63.2456 400 34.1995 94.8683 900 44.8141 
64.0312 410 34.8422 95.3939 910 44.9794 
64.8074 420 34.7603 95.9166 920 45.1436 
65.5744 430 35.0340 96.4365 930 45.3066 
66.3325 440 35.3035 96.9536 940 45.4684 
67.0820 450 35.5689 97.4679 950 45.6290 
67.8233 460 35.8305 97.9796 960 45.7886 
68.5565 470 36.0883 98.4886 970 45.9470 
69.2820 480 36.3424 98.9949 980 46.1044 
70.0000 490 36.5931 99.4987 990 46.2607 
70.7107 500 36.8403 100.0000 1000 46,4159 





TABLE CX 
EXPONENTIAL FUNCTIONS 
С” % eam ех 2) em 

| 1.0000 0.0 1.00000 148.41 5.0 0.00674 
| 1.1052 0.1 0.90484 164.02 5.1 .00610 
1.2214 0.2 81873 181.27 5.2 .00552 
1.3499 0.3 ./4082 200.34 5.3 .00499 
1.4918 0.4 .67032 221.41 5.4 „00452, 
1.6487 0.5 „60653 244.69 8.5 „00409 
1.8221 0.6 „54881 270.43 5-6 „00870 
2.0138 0.7 49659 298.87 5.7 .00335 
2.2255 0.8 „44933 330:30:-: 5.8 .00303 
2.4596 0.9 „40657 365.04 5.9 .00274 
2.7183 1.0 „36788 403.43 6.0 .00248 
3.0042 1.1 OA 445.86 6.1 .00224 
| 3.320: 1.2 30119 492,75 6.2 ‚00203 
3.6693 1.3 27253 544.57 6.3 .00184 
4.0552 1.4 .24660 601.85 6.4 .00166 
4.4817 1.5 22314 665.14 6.5 00150 
4.9530 1.6 .20190 735.10 6.6 .00136 
5.4739 17: .18268 812.41 6.7 .00123 
6.0496 1.8 .16530 897.85 6.8 .00111 
6.6859 1.9 .14960 992.27 6.9 .00101 
7.3891 2.0 13534 1096.6 7.9 ‚00091 
8.1662 2.1 .12246 1212.0 7.1 .00083 
9.0250 2.2 .11080 1339.4 7.2 „00075 
9.9742 2.3 ‚10026 1480.3 7.3 ‚00068 
11:023 2.4 „09072 1636.0 7.4 „00061 
12.182 2.5 08209 1808.0 7.5 .00055 
13.464 2.6 .07427 1998.2 7.6 00050 
14.880 2:7 .06721 2208.3 7.7 .00045 
16.445 2.8 .06081 2440.6 7.8 .00041 
18.174 2.9 .05502 2697.3 7.9 .00037 
2981.0 8.0 .00034 
a un our n 
24.533 3.2 04076 3641.0 8.2 .00028 
27 113 2.3 02688 4023.9 8.3 .00025 
29.964 3.4 03337 4447.1 8.4 .00023 
33.115 3.5 03020 5148 52 20040 
36.598 3.6 02732 6002.9 8.7 00017 
40.447 3:7 02472 6624.9 8.8 "00015 
| 44.701 3.8 02237 7332 0 8.9 “00014 

49.402 3.9 02024 : > 
8103.1 9.0 -00012 
54.598 4.0 01832 8955.3 9.1 .00011 
60.340 4.1 01657 9897.1 9.2 .00010 
66.686 4.2 01500 10938 9.3 .00009 
73.700 4.3 01360 12088 9.4 .00008 

81.451 4.4. 01228 

13360 9.5 .00008 
90.017 4.5 01111 14765 96 .00007 
99.632 4.6 01005 16318 9.7 .00006 
109.95 4,7 00910 18034 9.8 .00006 
121.51 4.8 .00823 19930 9.9 .00005 
134.29 4.9 .00745 22026 10.6 .00005 
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TABLE CXI 
STATISTICAL FORMULAS 
o 
fa МА = XIV сг: 
> 
Їр wM A == g XV = 
Г Ic a MA I GO. XVI Рә Эл 
n 10 
X fm) on 
Id ,Ma-^; ХҮП D;-5 
л a XVIII а-а-а 
XIXa Рум, ==” 
e cis) | 
ETT ХЇХЬ рур 
iMa-Ló чин MEE 
9—22 XIXc ем, 24178) ul 
Пс 1М4-412- -1 
J 2=(f[ ma ]) 
7» ual. ыр 
хх == 
72 
IVb log Ме = A Y. 
log 211-108 22-108 ast dun ti ёл XXI 
Ч XXII 
IVc log Мс = 2; 
Л log mi-fe log mz-d-fslog тз... 1/16 XXI  Xf(dgd-1)? = Zf(dg)?--2Zfdo--Yf 
| af XXIV Мо-Мл,-3(Мл--М4) 
M 4 — M, 
IVd log jMa ^ 2879) XXV 5к=—42-4 
1.1.1 1 XXVI ус-а-Бёх 
(242828 ect 2) ХХУПа Zy —na-- 1x 
1 Ті 70 7% rn da 
V такса жыш ХХУПЬ Ху-ла 
x XXVIIc У log y=n log atlog 2 Хх 
xb artum У 
ng n XXVIId log а ———-— ын 


2 3 2 
Vib „мр=ү 4 : - (=) 


Vila R == aAmin~4max 


УПЬ R-—amax— min 
Vill 


в | IX f REI 


X (ues 





ХШ 





XXVIIIa X (xy) =а2х-|- 221(x2) 
ХХУШЬ Х(ху)--23:(х2) 
XXVIIIc 2X(x log у) zlog а Хх-Нов 2 X(x?) 
ЖЕ Бе. 2; 
XXVHId log = 
XXIXa log у: =10в a+ (leg 2) 
XXIXb y.—2a(2)* 
XXX ус bet 
ХХХІ ye=a+bx+ cxt dx 


ХХХНАа ус-ад 
XXXIIb log y-=log a+ (log 2)c* 


XXXI 


[^ 
ХХХ Ма O-TXSXCX1 
XXXIVb O-TXCXI 


2 cot 
J 
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TABLE CXI (Continued) 
STATISTICAL FORMULAS 

















О c 
XXXIVc Z-CXI^c - XLII = 
Т is V2n 
XXXV o= Ха) (22) V NE 
= т ХЫП | y= Зоо 
0 
XXXV м 
AT] XLIV И 5100 
| ks—ku 
XXXVII ¿=U XLV РЕ-06745с 
ESAE] 
ЧЭ XLVI РЕм,-0.6745.-- 
XXXVIII p, „= уйд ЙА, | — 
XLVII РЕм,-0485525.-5 
Ма. М 2 
XXXIX. Te а YR 
Ву 
2 


XLVIII PE =0.6745 - 
XL s= ХОРЕ i 
(m —1)4- (092—1) 


XLI ома = 1.2530 «= 


ТАВЕЕ CXII 
INDEX NUMBERS 


Хр: fas ad Sai Pa «о ЕРЕ 
De Pot ОТ Po Роа ee 


Бә 





sf 2s 
( ) 2:11]: ЭГ 
H S HEN MATT 22 


I 20:40 fido Радо | Радо 1 | |. 4 PIG 





и 
XLIX РЕр--0.6745----- 
V 2n 


родо Ро%о Pods, Poo Dodo 
22 0 2 ои р n 
ТҮ S = Род 5273 - Роа +. Кар ... Tot 
205134. 101 21019. Dade P 
Х?о4о Polo Rate Е: Тр 
VE Ideal Index Number о, 
2родо 220049. 2 
(2) | 
п x 
So: 4 а Рода, 304275004 pogr 
VIII ОЯ Ро 1 о Ч о л 021 
Spode m Сй ^^ тушп 
т 
IX e. Pot s 276 и+%. рее... 13: 4" 
Х о бек “Їл (¢=current month) | 


2:р6— 190 








EW SECU. 7. 





hs АШ А ВА 
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TABLE СХ! 


REGRESSION AND CORRELATION FORMULAS 


1 у/-а--4х 


21х22 у — Ух Хху 





Па а= nux? — (Lx)? 
ПБ a= 
3 "Хху--Хх2у 
Ша =з (Sa? 
E, 
п ш 


iVa у == 420 m yc)? 
7 


Wee 02) (ауу) 
71 
V 5,-453 (==) 


VI r= 4-825 (Sy)? 








(o)? 
NEC 
ҮШ о 
(55) 
Vili k= T 
IX = 41 (557 











=. =A 
XI 98-1-01-о2) = 


ХІІ RR. 


бхбу 


ХШа y=r 2.x 
6х 


XIIIb х= · <2 = у 
бу 


_6>(12 |2) 
z(n? —1) 


r=2 sin (5 г) 


6xG 
n?-—1 


XIV e,-1 





24,4, 
= 
У > (4х)? • (4)? 


xı =a- big «axo big • 2x3 


ХІХ  x1—2--À2 .34xe-l- is 24x | 414 29354 


2 
XXa sı. aE ) 


XXb 52, 234 = 907—412 . 34912 — #13 . 24212 
— 14 . 23214 





XXIb R2.4,— 
біз «зарлал hig . 2413-1 £14 . 28214 
c 


XXII V1 = 2] хо ЕЈ ха Еј ха 2277 


712 —713723 
ХХ Ша л2.3=— ~ 


(vV ет) ТҰ le 2) 


718 
ХХ ПИТЬ 713.24 == У 613-24 к 23i • 24 


— 1-22, 
XXIE ri.2:3—1——2—2—35 


— R2 
1—2}. 2з 
3 Dem 1-22 ана 
ОГ 714.28 = Y и 
Sg 
123 
222, .02 
AAIV 12734 == а 5 


"ДЕ . 34927792 СЕЕ 234) 


02 


хХ Ма 612. 3==212 «8 pu 


XXVb £&s.2—Z32.2 — 
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TABLE CXIV | 
NAPERIAN (NATURAL) LOGARITHMS 


The first ten rows provide logarithms of numbers from 0.0 to 9.9, at intervals of one-tenth (0. 1). 
Тһе remainder of the table presents logarithms from 10 to 1009 at intervals of one (1). 


The natural logarithm of 1.1 is found by looking in the row beginning 1. under the column headed 1: 


0.09531. 


The natural logarithm of 11 is found by looking in the row beginning 1 under the column headed 1: 2.39790. 


0.00000 
0.69315 
. 1.09861 
. 1.38629 


• 


из од № ка со 


. 1.60944 
1.79176 
1.94591 
2.07944 
2.19722 


WH сз бл 


2.30259 
2.99578 
3.40120 
3.68888 
8.91202 


OTs GO Г ња 


4.09434 


4.24850. 


4.49981 


6 
1 
8. 4.38208 
9 
0 4.60517 


11 4.70048 
12 4.78749 
13 4.86758 
14 4.94164 
i» 5.01064 


15 5.07517 
17 5.18580 
18 5.19296 
19 5.24702 
20 5.29882 


21 5.34711 
22 5.89868 
23 5.43808 
24 5.48004 
25 5.52146 


25 5.56068 
27 5.50842 
28 5.63479 
29 5.66988 
30 5.70378 


31 5.73657 
32 5.76832 
33 5.79909 
34 5.82895 
35 5.85793 


36 5.88010 
37 5.91850 
38 5.94017 
39 5.00615 
40 6.99146 


41 6.01616 
42 6.04025 
43 · 0.06379 
44 6.08077 
45 0.10925 


1 


0.09531 
0.74194 
1.13140 
1.41099 


1.62924 
1.80829 
1.96009 
2.09186 
2.20827 


2.30790 
3.04452 
3.43399 
3.71857 
3.98183 


4.11087 
4.26268 
4.30445 
4.51086 
4.61512 


4.70953 
4.79579 
4.87520 
4.94876 
5.01728 


5.08140 
5.14166 
5.19850 
5.25227 
5.30330 


5.35186 
5.39816 
5.44242 
5.48480 
5.52545 


5.56452 
5.60212 
5.63885 
5.67382 
5.70711 


5.73979 
5.77144 
5.80212 
5.83188 
5.86079 


5.88888 
5.91620 
5.94280 
5.96871 
5.99396 


6. 01859 


6.11147 


9 
= 


4.097-10 8.391-10 


0.18282 
0.78846 
1.16315 
1.43508 


1.64866 
1.82455 
1.97408 
2.10413 
2.21920 


2.48401. 


3.09104 
3.46574 
3.73767 
3.95124 


4.12713 
4.27667 


5.25750 
5.30827 


5.35659 
5.40268 
5.44674 
5.48894 
5.52943 


5.56834 
5.60580 
5.64191 
5.67675 
5.71043 


5.74300 
5.77455 
5.80513 
5.83481 
5.86363 


5.89104 
5.91889 
5.94542 
5.97126 
5.99645 


6.02102 
6.04501 
6.06843 
6.09131 
6.11868 


8.796-10 
0.26236 
0.83291 
1.19392 
1.45862 


1.60771 
1.84055 
1.98787 
2.11626 
2.23001 


2.56495 
3.18549 
3.49651 
3.76120 
3.97029 


4.14318 
4.29046 
4.41884 
4.52260 
4.69478 


4.72129 
4.81218 
4. 89085 
4.96284 
5.03044 


5.09875 
5.15329 
5.20949 
5.26269 
5.31321 


5.36129 
5.40717 
5.45104 
5.49306 
5.53339 


5.57215 
5.60947 
5.64545 
5.68017 
5.71373 


5.74620 
5.77765 
5.80814 
5.83773 
5.86647 


5.89440 
5.92158 
5.94808 
5.97381 
5.99894 


6.02345 
6.04737 
6.07074 


6.09357 · 


6.11589 


2.24071 


2.68906 
3.17805 
3.52656 
3.78419 
3.98898 


4.15888 
4.96407 
4.45082 
4.54329 
4.64459 


4.73620 
4.82028 
4.80784 
4.96981 
5.03695 


5.09987 
5.15906 
5.21494 
5.26756 
5.31812 


5.86598 
5.41165 
5.45532 
5.49717 
5.53733 


5.57595 
5.61818 
5.64897 
5.68858 
5.71708 


5.74989 
5.78074 
5.81114 
5.84064 
5.86930 


5.89715 
5.92426 
5.95064 
5.97635 
6.00141 


6.02587 
6.04973 
6.07304 


- 6.09582 


6.11810 


4-10 
7 


5 


9. 807-10 


1.50408 


1.70475 
1.87180 
2.01490 
2.14007 
2.25129 


2.70805 


4.17439 
4.81749 
4.44265 
4.55388 
4.65396 


4.74498 
4.82881 
4.90527 
4.97673 
5.04343 


5.10595 
5.16479 
5.22036 
5.27300 
5.32301 


5.37064 
5.41610 
5.45959 
5.50126 
5.54126 


5.57973 
5.61677 
5.65249 
5.68698 
5.72081 


5.75257 
5.78883 


5.87212 


5.89990 
5.92698 
5.95824 
5.97889 
6.00389 


6.02828 
6.05209 
6.07585 
6 09807 
6.12030 


6 7 8 
9.489-10 9.64940 9.777-10 
47000 0.53063 0.58779 
0.95381 0.90328 1.02002 
128093 1.30833 1.33500 
1.52600 1.54756 1.56862 
1.72277 1.74047 1.75786 
1.88707 1.90211 1.91692 
2.02815 2.04122 2.05412 
2.15176 2.16382 2.17475 
2.26176 2.27213 2.28938 
2.77259 2.88391 2.89037 
3.25810 3.29584 3.38220 
3.58352 3.61092 3.68759 
3.82864 3.85015 3.87120 
4.02585 4.04305 4.06044 
4.18905 4.20469 4.21951 
4.33073 4.34381 4.35671 
4.45425 4.46591 4.47734 
4.50435 4.57471 4.58407 
4.66344 4.67283 4.68213 
4.75359 4.76217 4.77068 
4.83628 4.84419 4.85203 
4.91265 4.91998 4.92725 
4.98361 4.99043 4.99721 
5.04986 5.05625 5.06260 
5.11199 5.11799 5.19396 
5.17048 5.17615 5.18178. 
5.22575 5.28111 · 5.23644 
5.27811 5.28320 5.28827 
5.82788 5.338272 5.33754 
5.87528 5.37900 5.38450 
5.42053 5.42495 5.49085 
5.46383 5.46806 5.47297 
5.50533 5.509389 5.51343 
5.54518 5.54908 5.55296 
5.58350 5.58725 5.50009 
5.02040 5.62402 5.62762 
5.65509 5.65948 5.66296 
5.69036 5.69573 5.69709 
5.72350 5.72685 5.78010 
5.75574 5.758900 5.76205 
5.78600. 5.78996 5.79301 
:5.81711 5.82008 5.82305 
5.84644 5.84939 5.85220 
5.87408 5.87774 5.88053 
5.90263 5.90536 5.00808 
5.92959 5.93225 5.93489 
5.95584 5.95849 5.96101 
5.98141 5.983804 5.98645 
6.00025 6.00881 6.01127 
6.03069 6.08309 6.03548 
6.05444 6.05678 6.05912 
6.07764 . 6.07903 6.08222 
.6.10082 6.10250 8.10479 
-6.12249 6.12468 6.12687 


9 


9.895-10 
0.64185 
1.06471 
1.36098 
1.58924 


1.77495 


1.98152 


2.06686 
2.18605 
2.29258 


2.94444 
8.86780 
3.66856 
3.89182 
4.07754 


4.28411 
4.36945 
4.48864 
4.59512 
4.69185 


4.11912 
4.85981 
4.93447 
5.00865 
5.06890 


5.12890 
5.18739 
5.24175 
5.29330 
5.34233 


38907 
43372 


5.73334 


5.76519 | 


5.79606 
5.82600 
5.85507 
5.88882 


- 5.91080 


5.98754 
5.96358 
5.98896 
6.01372 


6.03787 
6.06146 
6.08450 
6.10702 
6.12908 
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TABLE CXIV (Continued) 


NAPERIAN (NATURAL) LOGARITHMS 


To find the natural logarithm of a number ten times as large as the given number, add to the given logarithm 
the logarithm of 10. 
To find the natural logarithm of a number one-tenth as large as the given number, BEDEUTET from the given 
logarithm the logarithm of 10. 


0 
46 6.13128 
47 6.15273 
48 6.17379 
49 6.19441 
50 6.21461 
51 6.23441 
52 6.25383 
53 8.27288 
54 6.29157 
55 6.30992 
56 6.32704 
57 6.34564 
58 — 6.36303 
$9 6.38012 
60 6.39693 
61 6.41346 
62 6.42972 
63 6.44572 
64 6.46147 
65 6.47697 
66 6.49224 
67 6.50728 
68 6.52209 
69 6.53669 
70 6.55108 
71 6.56526 
12 6.57995 
73 8.59304 
24 6.60665 

6.62007 
16 6.63332 
7? 6.64639 
18 6.65929 
19 6.67203 
80 6.68461 
81 6.69703 
82 6.70930 
83 6.72143 
84 6.73340 
85 6.74524 
86 6.75693 
87 6.76849 
88 6.77922 
89 6.70122 
90 6.80239 
91 6.81344 
92 6.82437 
93 6.83518 
94 6.84588 
95 6.85646 
96 6.86603 
97 6.87730 
98 6.58755 
99 6.80770 
100 8.90076 


1 


6.13340 
6.15486 
6.17587 
6.19644 
6.21661 


6.23687 
6.25575 
6.27476 
6.29342 
6.31173 


6.32972 
6.34739 
6.36475 
6.88182 
6.39859 


6.41510 
6.43138 
6.44731 
6.46308 
6.47851 


6.49375 


6.56667 
6.58064 
6.59441 
6.60800 
6.62141 


6.63463 
6.64769 
6.66058 
6.67330 
6.68586 


6.69827 
6.71052 
6.72263 
6.73450 
6.74641 


6.75809 
6.76964 
6.78106 
6.79234 
6.80351 


6.81454 
6.82546 
6.83626 
6.84694 
6.85751 


6.86797 
6.87833 
6.88857 
6.89871 
6.90875 


2 


6.13556 
6.15698 
6.17794 
6.19848 
6.21860 


6.23832 
6.25767 
6.27664 
6.29527 
6.31355 


6.33150 
6.34914 
6.36647 
6.38351 
6.40026 


6.41673 
6.43204 
6.44889 
6.40450 
6.48004 


6.49527 
6.51026 
6.52508 
6.53959 
6.55393 


6.56808 
6.58208 
6.59578 
6.60935 
6.62274 


6.63595 
8.64898 
6.66185 
6.07456 
6.68711 


6.69950 
6.71174 
6.72383 
6.73578 
6.74759 


6.75926 
6.77079 
6.78219 
6.79347 
6.80461 


6.81564 
6.82655 
6.83733 
6.84801 
6.85857 


6.86901 
6.87936 
6.88959 
6.89972 
6.90975 


3 
6.13773 


6.15910 


6.18002 
6.20051 
6.22059 


6.24028 
6.25958 
6.27852 
6.29711 
6.31536 


6.33328 
6.35089 
6.36819 
6.38519 
6.40192 


6.41836 
6.43455 
6.45047 
6.46614 
6.48158 


6.49677 
6.51175 
6.52049 
6.54108 
6.55536 


6.56948 
6.58341 
6.59715 
6.61070 
6.62407 


6.63726 
6.65028 
6.60313 
6.07582 
6.68835 


6.70073 
6.71296 
6.72503 
6.73697 
8.74876 


6.80872 


6.81074 


6.85961 


6.87005 


6.91075 


4 


6.13988 
6.16121 
6.18208 
6.20254 
6.22258 


6.24222 
6.26149 
6.28040 
6.29895 
6.31716 


6.33505 
6.35263 
6.36990 
6.38688 
6.40357 


6.41999 
6.43615 
6.45205 
6.46770 
6.48311 


6.55678 


6.57088 
6.58479 
6.59851 
6.61204 
6.62539 


6.63857 


6.67708 
6.68960 


6.70196 
6.71417 
6.72623 
6.73815 
6.74993 


6.76157 
6.77308 
6.78446 
6.79571 
6.80683 


6.81783 
6.82871 
6.83948 
6.85013 
6.86066 


6.87109 
6.88141 
6.89163 
6.90174 
6.91175 


5 


6.14204 
6.16231 
6.18415 
6.20456 
6.22456 


6.24417 
6.26340 
6.28227 
6.30079 
6.31897 


6.33683 
6.35437 
6.37161 
6.38856 
6.40528 


6.42162 
9.437175 


6.48464 


6.49979 
6.51471 
6.52942 
6.54391 
8.55820 


6.57228 
6.58617 
6.59987 
6.61338 
6.62672 


6.63988 
6.65286 
6.66568 
6.67834 
6.69084 


6.70319 
6.71538 
6.72743 
6.73984 
6.75110 


8.76273 
6.77422 
6.78559 
6.79682 
6.80793 


6.81892 
6.82979 
6.84055 
6.85118 
6.86171 


6.87213 
6.88244 
6.89264 
6.90274 
6.91274 


6 


6.14419 
6.16542 
6.18621 
6.20658 
6.22654 


6.24611 
6.26530 
6.28413 
6.30262 
6.32077 


6.33859 
6.35611 
6.37332 
6.39024 
6.40688 


6.42325 
6.43035 
6.45520 
6.47080 
6.48616 


6.50129 
6.51619 
6.53088 
6.54535 
6.55062 


6.57368 
6.58755 
6.60123 
6.61473 
6.62804 


6.64118 
6.65415 
6.66696 
6.67960 
6.69208 


6.70441 
6.71659 
6.72868 
6.74052 
6.75227 


6.76388 
6.77587 
6.78672 
6.79794 
6.80904 


6.82002 
6.88087 
6.84162 
6.85224 
6.86276 


6.87816 
6.88346 
6.89366 
6.90375 
6.91374 


3 


6.14633 
6.16752 
6.18826 
6.20859 
6.22851 


6.24804 
6.26720 
6.28600 
6.30445 
6.32257 


6.34036 
6.35784 
6.37502 
6.39192 
6.40853 


6.42487 
6.44095 
6.45677 
6.47285 
6.48768 


6.50279 
6.51767 
6.53233 
6.54679 
6.56108 


6.57508 
6.58898 
6.60259 
6.61607 
6.62938 


6.64249 
6.65544 
6.66823 
6.68085 
6.69382 


6.70564 
6.71780 
6.72982 
6.74170 
6.75344 


6.76504 
6 77651 
6.78784 
6.79906 


6.81014 . 


6.82111 
6.83195 
6.84268 
6.85330 
6.86280 


6.87420 
6.88449 
6.89467 
6.90475 
6.91478 


6.14847 
6.16961 
6.19032 
6.21060 
6.23048 


6.24998 
6.26910 
6.28786 
6.30628 
6.32436 


6.34212 
6.35957 
6.37673 
6.39859 
6.41017 


6.42649 
6.44254 
6.45834 
6.47389 
6.48920 


6.50429 
6.51915 
6.58879 
6.54822 
6.56244 


6.57647 
6.59030 
6.60394 
6.61740 
6.63068 


6.64379 
6.65673 
6 66950 
6.68211 
6.69456 


6.70686 
6.71901 
6.73102 
6.74288 
6.75460 


6.76619 
6.77765 
6.78897 
6.80017 
6.81124 


6.82220 
6.83303 
6.84375 
6.85435 
6.86485 


6.87523 
6.88551 
6.89568 
6.90575 
6.91572 


9 
6.15060 
6.17170 
6.19236 


6 21261 
6.23245 


6.25190 
6.27099 
6.28972 
6.30810 
6.82615 


6.34388 
6.36130 
6.37843 
6.39526 
6.41182 


6.42811 
6.44413 
6.45990 
6.47543 
6.49072 


6.50578 


6.56386 


6.57186 
6.50107 
6.60530 
6.61874 
6.63200 


6.64509 
6.65801 
6.07077 
6.68336 
6.69580 


6.70808 
6.72022 
6.73221 
6.74406 
6.75577 


8.76734 
6 77878 
6.79010 
6.80128 
6.81285 


6.82329 
6.88411 
6.84482 
6.85541 
6.86589 


6.87626 
6.88653 
6.89669 
6.90675 
6.91672 

















Answers achieved by readers may differ by minor amounts in some instances if different tables, different 
methods of calculation, or retention of a different number of decimal places happen to be employed. Such 
discrepancies, if they do not occur in the significant figures (cf. p. 68), should not be a cause of concern. 

FUNDAMENTALS OF STATISTICS | 

Тһе nature of the answers in this section makes it seem desirable to reproduce parts of the worksheets from 
which the values for the formulas are obtained. To save space, these data are arranged in parallel columns in 
one tabular arrangement for each table. The bold numberals preceding the column headings indicate the 
problems for which the columns provide materials used in the solutions. 

WORK-SHEET FOR TABLE о 
4 
CUMULATED 
i FREQUENCIES 5 9 | 
/ © > “Үс log 4 

398 5 5 120 1990 2.59988 

399 10 До 115 3990 2.60097 

400 ы 31. 105 6400 2.60206 

401 23 54 89 9223 2.60814 

402 20 74 66 8040 2.60423 

403 17 9] 46 6851 2.60531 

404 13 104 29 5252 2.60638 

405 9 113 16 3645 2.60746 

406 4 117 7 1624 : 2.60853 

407 2 119 8 814 2.60959 

408 1 120 1 408. 2.61066 
n=11 Xf-120 Х/с--48237 У log a =28.65821 

а= 2.60522 
WORK-SHEET FOR TABLE 0 
4 
CUMULATED 
2552. FREQUENCIES 5 Жу 
і т fe < > fm log m f log m 
4.375-4.625 4.50 8 8 120 36.00 0.65321 5.22568 
4.625-4.875 4.75 10 18 112 47.50 -0.67669 6.76690 
4:875.5.125 5.00 12 30 102 60.00 О.69897 8.38764 
5:125:5:375 5.25 59 89 90 309.75 0.72016 42.48944 
5:325535:620 5.50 Lo 104 21 82.50 0.74036 11.10540 
5:625:5:875 5.75 8 112 16 46.00 0.75967 6.07736 
5:97539:120 6.00 8 120 8 48.00 0.77085 6.16680 
2/ =120 Xf log m =86.21922 
0.71933 
ANSWERS 

For convenience of reference, problem numbers are keyed with the Greek letters indicating the tables on 
which the work is based. 

1 а See col. 2, « work-sheet 13 « 398-408 6 4.45-6.05 

268 See col. 2, В work-sheet 14 « 2 6 0.2425 

3 Graphic solution 15 « 6.1 8:1:075 

4 а, В  Seecols. З and 4, о and В 16 « 1.811 6 0.2316 

work-sheets 17 « 2.1514 B 0.288425 

Ба 401.14 0 5.24783 18 « 401.545 8 5.26634 

6 a 401275 % 5.254 19 а —0.0626 — 6 0.02139 

7 а 401 20 с 1931 416,648 1936 784,587 

80 (4):5:125-5:375:(5):5.254 193222353167 1937 893,085 

9 c 402.9 0 5.24 1933 346,545 1938 488,100 

10 ч 11058.11 11 8 9.17405 ‚ 1934 575,192 1939 710,496 
12 Ма= 869 Ma=867 Mg =863.34 1935 694,690 1940 777,026 
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Year JAN. Fes. Maro Ағы, May JUNE Јогу  Avausr SEPT. Ост. Nov. Dec. 
21 є 1931 8.0 9.5 10.8 12.0 11.0 9.7 8.2 7.6 1-0 5.2 4.7 5.7 
1932 8.7 9.9 8.8 11.2 11.8 9.7 6.1 6.1 8.2 5.8 5.1 9.0 
1933 5.5 4,4 5.1 rii 9.7 12.2 11.0 12.0 9.9 8.6 5.8 8.6 
1934 7.5 7.6 10.3 11,2 9.9 7.9 453 8.9 1.8 8.3 6.0 7.4 
1985 8.9 8,4 9,6 9,5 8.0 8.9 8.3 8.1 4.5 8.5 8.4 8.9 
1936 8.6 8.1 9.9 11.0 9.6 9.9 8.8 1.9 54 4,4 6.9 9,5 
1937 7.9 1.5 10,1 10.8 10.2 9,6 8.8 9.3 5.9 9.5 1-2 9.2 
1988 11.0 9,7 9.8 8.8 1.6 1.8 411 6.5 8.8 4.5 10.7 12.8 
1989 8,5 8.4 10.2 9.0 8.4 8.9 8.3 5.4 3.8 8.7 9.4 11.0 
5 1940 9.0 8.6 9.1 9.1 8.4 1.5 8.1 8.7 54 9.3 10.3 11.2 
Ymar ДАМ. Fes. Marco Арки, Мат — JuNE Тот Aveusr ЕРТ, Ост. Nov: Рес, 
22 * 1931 84.0 109.2 140.4 174.0 165.6 128.4 111.6 94.8 66.0 36.0 30.0 54.0 
1982 104.4 99.6 105.6 128.4 166.8 169.2 99.6 80.4 67.2 37.2 50.4 91.2 
1988 84.0 78.4 74.4 114.0 188.0 158.4 146.4 146.4 120.0 80.4 32.4 38.4 
1934 62.4 102.0 158.6 158.4 151.2 188.0 122.4 100.8 68.4 46.8 21.6 61.2 
1935 84.0 100.8 133.2 142.8 112.8 108.0 100.8 67.2 20.4 79.2 124.8 126.0 | 
1986 97.2 18.2 111.6 135.6 126.0 122.4 191.9 67.4 80.0 62.4 111.6 139.2 | 
1937 94.8 91.2 123.6 134.4 122.4 126.0 110.4 96.0 36.0 91.2 90.0 75.6 | 
1938 93.6 84.0 104.4 105.6 92.4 81.6 68.6 84.8 89.6 112.8 192.0 195.6 
1939 117.6 102.0 126.0 114.0 99.6 103.2 63.6 25.2 67.2 105.6 118.8 156.0 
1940 117.6 109.2 115.2 117.6 106.8 92.4 55.2 15.6 73.2 136.8 132.0 128.4 
YEAR ЈАМ FEB MARCH. ÅPRIL Mar JUNE JuLY  Avausr SEPT. Ост. Nov. Рес 
23 = 1981 96.0 114.0 129.6 144.0 132.0 116.4 98.4 91.2 90.0 62.4 56.4 68.4 
1932 104.4 118.8 99.6 134.4 135.6 116.4 19,2 18.2 98.4 69.6 61.2 108.0 | 
1933 66.0 52.8 61.2 92.4 116.4 146.4 132.0 144.0 118.8 103.2 63.6 103.2 
1984 90.0 91.2 123.6 134.4 118.8 94.8 87.6 106.8 93.6 99.6 72.0 88.8 
1935 106.8 100.8 115.2 114.0 96.0 106.8 99.6 97.2: 54.0 102.0 100.8 106.8 
1936 103.2 97.2 118.8 132.0 115.2 118.8 105.6 94.8 68.4 52.8 82.8 114.0 
1937 94.8 90.0 121.2 129.6 122.4 115.2 105.6 111.6 10.8 42.0 86.4 110.4 
1938 182.0 116.4 117.6 105.6 91.2 93.6 85.2 78.0 45.6 54.0 128.4 153.6 
1939 102.0 100.8 122.4 108.0 100.8 106.8 99.6 64.8 45.6 104,4 112,8 132.0 
1940 108.0 108.2 109.2 109.2 100.8 90.0 97.2 44.4 08.4 111.6 128.6 134.4 
YEAR JaN Fes. Marcu Араш Mar June Jury (Асапат Serr Ост. Nov. Dec. 
24% 1931 82.4 118.6 137.8 176.4 162.5 130.2 109.5 93.0 66.9 95.9 30.4 53.0 
1932 102.7 104.7 103.9 130.5 164.1 172.0 97.9 79.1 68.3 36.6 51.2 90.4: 
1983 82.4 87.2 78.0 115.5 135.4 160.6 143.6 143.6 121.6 18.9 82.9 37.4 
1984 61.2 110.8 150.7 160.6 148.8 189.9 120.1 98.9 69.4 45.9 28.0 60.1 | 
1985: 82.4 109.5 130.7 144.8 110.7 109.5 98.9 65.9 20.7 71.7 126.5 123.6 | 
1986 95.6 7.0 109.8 137.9 123.9 124.4 119.2 66.3 30.5 61.4 113.5 136.9 | 
1937 93.0 99,1 121.3 136.2 120.1 127.8 108.3 94.2 36.5 89.5 91.8 74.2 | 
1988 91.8 91.2 102.4 107.1 90.7 82.7 62.4 34.1 40.2 110.7 194.6 191.9 | 
1989 115.4 110.8 123.6 115.6 97.7 104.6 62.4 24.8 68.1 108.6 120.5 153.1 
1940 115.7 114.8 113.3 119.6 105.0 93.9 54.2 15.8 74.4 134.6 134.2 126.3 | 
Year JAN. Fes.  MancH Ари May JUNE JuLY  Avausr берт, Ост. Nov. Рес, | 
25 с 1931 94,2 123.8 127.0 145.9 129.4 118.0 96.4 89.4 91.3 61.2 57.2 67.0 
1932 102.7 124.9 96.0 136.7 133.4 118.8 72.0 12.0 110.1 68.5 62.2 106.3 | 
> 1983 64,7 57.8 60.1 93.7 114.2 148.4 129.5 141.3 120,5. 101.3 64,5 101.3 
1934 88.8 99.1 121:3 136.3 116.5 96.1 85.8 104.8 94.9 97.7 73.0 87.1 | 
1935 104,8 109.5 118.0 115.6 94.2 108.3 97.7 95.4 54.7 101.1 102.2 104.8 | 
1986 101.5 102.2 116.8 184.2 118.8 120.7 108.9 93.2 69.5 51.9 84.2 112.1 
1937 92.0 97.8 118.9 131.4 120.1 116.8 103.6 109.5 71.8 41.2 87.6 109.3 
1988 129.5 126.4 115.4 107.1 89.5 94.9 88.6 76.5 46.2 58.0 130.2 150.7 
1989 100.1 109.5 120.1 109.5 98.9 108.3 97.7 63.6 46.2 102.4 114.4 129.5 
3 1940 106.2 108.5 107.4 111.0 99.1 91.5 95.6 43.7 69.6 109.8 125.7 182.2 
26 г 453,652.4-730658,8 
21 (a) 1981-1982 325,018 (b) 1931-1933 332,793 (с) 1931-1934 393,393 
1982-1933 290,866 1932-1934 885,641 1932-1935 462,904 
1933-1934 460,869 1933-1935 538,809 1933-1936 · 600,254 
ім 1934-1935 634,941 1934-1936 684,823 1934-1937 136,889 
| 1985-1936 739,639 1935-1937 790,787 1935-1938 715,116 
1936-1937 838,836 1936-1938 721,924 1936-1939 719,067 
1937-1938 690,593 1937-1939 697,227 1937-1940 717,177 
1988-1939 599,298 1988-1940 658,541 
1989-1940 748,701 . 





* Table 22. 
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29 є 


осы 


Totals 





* Table 22. 


PRACTICAL MATHEMATICS 





JAN Fes. Marca APRIL May JUNE JuLY Avuaust SEPT. Ост Nov. Рес 
22 р МЕЕ TTA Со TT 113.2 98.7 78.6 42.9 89.5 83:3 
88.4 89.9 99.9 124.9 164.9 168.6 99.6 79.6 68.1 36.5 48.3 85.0 
102.3 77.6 78.9 113.9 184.5 156.6 145.7 141.4 107.1 65.4 24.9 28.8 
62.9 108.3 156.0 168.1 161.1 146.0 119.2 94.3 62.0 40.2 22.8 51.1 
108.9 122.8 168.6 178.9 127.5 112.6 100.1 65.9 20.6 78.2 121.6 120.9 
102.2 75.6 114.6 139.0 128.1 124.1 121.4 67.6 28.6 59.7 106.1 130.9 
95.0 90.1 120.6 129.1 123.9 123.2 112.7 101.5 40.8 110.5 115.1 108.4 
76.5 76.0 102.8 108.4 97.6 88.9 62.1 32.3 34.1 93.6 154.7 150.9 
126.6 108.3 181.1 112.0 100.6 104.1 62.1 24.9 63.2 06.2 106.1 136.3 
181.1 121.9 128.5 125. 108.8 93.3 РУ ЕРУН e "e MN T 
JAN, Fes, Marca Apri, May JUNE JuLY Avausr БЕРТ, Ост. Nov, Рес. 
— гэрт РРР ыа — “шав 100.4 96.4 100.4 74.4 71.6 89.2 
84.2 102.1 90.5 131.4 131.9 115.6 73.8 Toes 103.6 72.9 63.6 105.9 
87.1 72.4 69.4 98.9 120.9 147.8 127.2 122.5 98.5 77.9 44.9 Til 
101.9 101.8 112.8 144.8 122.7 94.6 84.9 102.3 88.2 93.2 66.9 81.7 
115.2 107.9 123.1 122.0 100.4 108.9 98.8 95.6 53.2 97.2 93.6 96.7 
102,4 96,9 117.8 181,1 117.1 119.7 104.9 93.9 67.6 51.0 78.4 105.4 
99.7 94.2 124.0 131.9 124.9 115.9 106.5 114.7 75.0 47.5 105.8 143.9 
110.9 96.0 108.7 98.4 80.6 91.9 84.5 70.8 42.1 48.6 110.7 127.1 
118.8 114.9 136.3 116.9 104.2 107.7 98.4 63.7 44.9 101.6 108.7 128.1 
113.4 108.8 115.5 113.6 103.3 91.0 zi TC TTE KV HS n ET. 
PROBLEMS BASED ON TABLE c 
30 31 32 (а) 32 (b) 35 "36 
365,194 592,156 611,656. 571,614.4 log *1 5.72336 269,583.4 
50,435.85 25,217.9 54,723.6 53,943.43 log ^! 0.04716 122,142.556 
eee ә. Wate tues a CO tt aca die — 54224 —7,967.344 
TREND ORDINATES 
365,194 365,194 о, 355,840 355,000 269,583 
415, 415,630 392,762 T 369,600 383,759 
466,066 466,066 447,485 463,727 435,500 481,999 
516,502 516,502 502,209 517,671 485,500 564,305 
566,937 566,938 556,932 571,614 528,900 630,676 
617,373 617,374 611,656 625,557 589, 681,113 
667,809 667,809 666,380 679,501 657,160 733,614 
718,245 718,245 721,103 133,444 132,600 134,181 
768,681 768,681 775,827 787,387 816,600 136,814 
819,117 819,117 830,550 Minas. а Te. Ба i 423,512 
log а —6.39018 log b =0.050566 
SALES y log y 22 x log y log а 4-log bg mE 
1,135,491 6.05349 —4 16 — 24,21396 6.18892 1,545,000 
1,573,512 6.13818 —3 9 —18.41454 6.23948 1,736,000 
2,177,919 6.33786 —2 4 —12.67572 6.29005 1,950,000 
3,252,244 6.49870 -1 1 — 6.49870 6.34061 2,191,000 
3,669,528 6.56458 0 0 0 6.39018 2,455,700 
3,915,889 6.59285 1 1 6.59285 6.44075 2,759,500 
2,000,985 6.30124 2 4 12.60248, 6.49131 3,090,000 
2,866,796 6.45741 à 9 19.37223 6.54188 3,482,500 
3,692,328 6.56733 4 16 26.26932 6.59244 3,912,000 
—————— À—À— ---------- —— M + 
24,284,692 57.51164 60 3.03396 
а =1,113,850 5 =624,964.6 с = —45.628.5 
9 2 3 4 ORDINATES 
x y xy х ху S i OF TREND 
0 1,973,090 0 0 0 0 0 1,113,850 
1 1,135,491 1,135,491 1 1,135,491 1 1 1,693,186 
2 1,573,512 3,147,024 4 6,294,048 8 16 2,181,265 
3 2,177,919 6,533,157 9 19,601,271 27 81 2,578,087 
4 3,252,244. 13,008,976 16 52,035,904 64 256 2,883,552 
5 3,669,528 18,347,640 25 91,738,200 125 625 3,097,961 
6 3,915,889 23,495,334 36 140,972,004 216 1296 3,221,012 
T 2,000,985 14,006,895 49 98,048,265 343 2401 3,252,805 
8 2,866,796 22,934,368 64 183,474,944 512 4096 3,193,343 
9 3,692,328 33,230,952 81 290,078,568 729 6561 ,042,623 
45 26,257,782 135,840,437 285 883,378,695 2025 15333 

















FUNCTIONAL RELATIONSHIPS 


1 Solution depends upon figures taken 


2 2=0.15136 | b =0.3821 
(a) 1935 4.69835 
| 1936 4.73656 















































А 1940 3.85921 
1941 5.27308 
(b) 0.765 
3 
T 3 y2 x2 xy Ус у--ус 0--у02 
4 1997 132.3 95.4 17503.29 9101.16 1262142 127.9 4.4 19.36 
1928 130.8 96.7 17108.64 9350.89 12648.36 125,8 50 25.00 
1929 132.5 95.3 17556.25 9082.09 1260718 125.8 6.7 44.89 
1930 126.0 86.4 15876.00 7464.96 10886.40 1132 128 163.84 
1931 103.9 73.0 10795.21 5329.00 7584.70 942 97 94.09 
1932 86.5 64.8 7482.25 4199.04 5605.20 82.7 3.8 14.44 
1933 84.1 65.9 7072.81 4342.81 5542.19 82.1 2.0 4.00 
1934 93:7 74.9 8779.69 5610.01 7018.13 96.9 -32 10:24 
1935 100.4 80.0 10080.16 6400.00 8032.00 1041 237 13.69 
1936 101.3 80.8 10261.69 6528.64 8185.04 1143 2180 169.00 
1937 105.3 86.3 11088.09 7447.69 9087.30 1053 0 0 
1938 97.8 78.6 9564.84 6177.96 7696.08 10241 243 18.49 
1939 95.2 774 9063.04 5944.41 7339.92 1000 -48 23.04 
1940 96.6 78.6 9331.56 6177.96 7592.76 | 1021 —5.5 30.25 
1941 105.5 873 11130.25 7708.84 9210.15 114.5 -90 81.00 
15919 19211 17269377 10086546 131656.92 711.33 
83907. "P5145 5у = as = V47 AD = +6.88 | | 
4. | 
P RE y y? х х2 ху Ус y— yc (y —vc)? 
1927.. 132.3 17503.29 139 19321 18389.7 121.7 10.6 112.36 
1928 130.8 17108.64 149 22201 19489.2 126.8 4.0 16.00 | 
1929 _ 132.5 17556.25 146 21316 19345.0 125.2 7.3 53.29 | 
1930 126.0 15876.00 126 15876 15876.0 135.1 ӨЛ 82.81 
1931 103.9 10795.21 87 7569 9046.3 95.3 8.6 73.96 
1932 86.5 7482.25 65 4225 5622.5 84.1 2.4 5.76 
1933 841 7072.81 - 70 4900 5887.0 86.7 2:916 6.76 
1984 — 93.7 8779.69 90 8100 8433.0 96.8 33 9.61 
1935 100.4 10080.16 108 11664 10843.2 105.9 —55 30.25 
1936 101.3 10261.69 114 12996 11548,2 109.0 t 59.29 
1937 ‚ 105.3 11088.09 121 14641 . 127413 112.5 279 51.84 
1938 97.8 9564.84 95 9025 9291.0 99.3 2215 2.25 
1939 95.2 9063.04 93 8649 8853.6 98.3 “Si 9.61 | 
1940 96.6 9331.56 98 9604 9466.8 100.9 xa 18,49 
1941 105.5 11130.25  ' 122 14884 12871.0 113.1 27.5 56.25 
1591.9 172693.77 1623 184791 177703.8 588.53 
в=51.11 b —0.50776 Sy = YP = 39.235 = +626 
5 
y хоо ду (dy)? dz (dz)? атау 
1927 132.3 95.4 26.1 681.21 14.0 196.00 365.40 
1928 130.8 96.7 24.7 610.09 15.3 234.09 377.91 
1929 132.5 95.3 26.3 691.69 141 198.81 370.83 
1930 126.0 86.4 19.9 396.01 5.0 25.00 99.50 
1931 103.9 73.0 22 4.84 -84 70.56 18.48 
: 1932 86.5 64.8 5196 384.16 —16.6 275.56 325.36 
? 1933 841 65.0 —22.0 “48.40 —15.5 240.25 341.00 
1934 93.7 74.9 —124 153.76 —6.5 42.25 ` 80.60 
1935 100.4 80.0 S57 32.49 ATA 1.96 7.98 
1936 - 101.3 80.8 -48 23.04 -06 0:36 2.88 
1937 105.3 86.8. -08 0.64 49 2401 —3.92 
1938 97.8 78.6 ma 68.89 —2.8 7840 23.24 
» 1939 95.2 774 —10.9 118.81 -43 18.49 46.87 
1940 96.6 78.2 —9.5 90.25 282 10.24 30.40 
1941 105.5 87.3 —0.6 0.36 59 34.81 —3.54. 
Totals 1591.9 1221.1 3304.64 1380.23 2082.99 


M,,=106.1 М,,-81.4 | r =0.975 











Absolute dispersion, measures of, 
1212 
Accounting 
definition of, 993 
mathematics of, 993-1088 
specialized problems, 1071-1087 
statements 
analysis and intrepretation of, 
1053-1070 
and equations, 993-1006 
interrelationship, 1001 
Accounts 
averaging of, 1019 
classification of, 1054 
effect of transactions on, 1006 
equilibrium of, 1003 
Accrued dividend table, 1182 
use of, 1157 
Accumulated cost of insurance, 930 
Accumulation 
formula, Fackler's, 949 
of sinking fund, 1025 
Acid test, 1062 
Actuary, definition of, 992 
Adjusted index, 1220 
Adjusted premium method (life 
insurance), 970 
Adjustment factors (statistics), 
table of, 1256 
Adjustments, periodic, 1027 
Agaregative 
price index, 1239 
weighted, 1240 
physical volume index, 1241 
Alienation, coefficient of, 1249 
American Experience mortality 
tabie, 984 
Amortization, 1033 
definition of, 1035 
factors, table of, 1177 
life insurance, 1035 
straight-iine method, 1036 
plan (installment payments), 
1121 
schedules (installment рау- 
ments), 1120 
Amount 
at risk (life insurance), 951 
compound (accounting), 1021 
unknown (installment pay- 
ments),1095, 1098, 1109, 1115 
Analysis and interpretation of 
accounting statements, The, 
1053-1070 
Analysis 
inethods of 
business-index, 1085 
ratio, 1062 
sources and application of 
funds, 1068 
trend-percentage, 1060 
pre-requisites for, 1053 
profit-and-loss, 1071 
statement, 1053 
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Annual premium (insurance) 
endowment, 927 
term, 925 
whole life, 920 
Annuitant, definition of, 
907, 992 
Annuity 
certain, 897, 992, 1023 
contingent, 900 
decreasing, 932 
deferred, 992 
definition of, 900, 992 
due 
definition of, 901, 992 
formula, 901 
installment payments, 1110 
table, whole life, 983 
foreborne, 915 
formula, general, 913 
immediate 
amount of, 900 
definition, 992 
formula, 901 
increasing, 992 
life, 897-917 
method, 1047 
ordinary, 1023 
relationship to net single 
premiums, 931 
rental of, 1052 
whole life, 907 
Anticipations, 1018 
Arbitrage, 1136 
goid, 1142 
interest, 1141 
Argentine pesos, conversion of, 
1132 
Arithmetic mean, 1059, 1192 
Arithmetic-progression method, 
1048 
Asset 
book value of, 1039 
sale of, 999 
shares (life insurance), 968 
value, net, 1152 
wasting, 1051 
witndrawal of, 999 
Average 
centered, 1224 
definition of, 1059, 1192 
modal, 1059, 1195 
moving, 1222 
price relatives, weighted, 1240 
simple, physical volume index, 
1241 
weighted, of relatives, 1241 
Averaging accounts, 1019 


B 


Balance 
capital, 1001 
sheet 
equation, 993 
value of bond, 1032 
trial, 1004 
Bancor, definition of, 1137 
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Bank 
discount, 1014 
interest, 1014 
time, definition of, 1016 
Banking formulas, 1122 
Bases for reserves (life insurance), 
966 
Beneficiary (life insurance), 
definition of, 918, 992 $ 
Benefit (life insurance) 
definition of, 918 
non-forfeiture, 968, 992 
Beta coefficients, 1254 


Bills 
price of, 1134 
time, 1133 
Bond 


amortization, 1033 
balance-sheet value of, 1032 
convertible, 1153 
evaluation of, 1144 
indenture, 1116 
owned, 1031 
payable, 1031 
valuation, 1031 
Bonded debt, 1152 
Bonuses, executives’, 1080 
Book vaíue, 1055 
of asset, 1039 
Bracket method, correlation, 1250 
Break-even point, 1076 
British топеу, conversion of, 1128 
Business-index method of analysis, 
1065 


C 


Cable rates, 1132 
Canadian method, insurance 
modification, 965 
Capital 
balance, 995, 1001 
financing, 1121 
stock account, 995 
Capitalized-cost formula, 1117 
Cash 
discounts, 1013 
surrender value (life insurance), 
972 
Centered averages, 1224 
Central tendency, measures of, 
1192 
Chain 
discount, 1012 
rule, exchange, 1125 
Chained link relative index, 1241 
Charlier check, 1212 
Chi table, 1258 
Class intervals, arrangement by, 
1187 
Classification of accounts, 1054 4! 
Clayton Act, effect on prices, 1012 
Coefficients of correlation, 
1249, 1254 
Commutation columns (tables) 
American Experience 3%, 986 
interest at 3%, 990 
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1277 





Comparative 
capitalized costs, 1119 
ratios, 1064 
Compound 
amount, 1021 
interest, 897, 1021 
formula, 1022 
method, 1047 
3% table, 979 
Compounding, 1021 
Computational values, tables, 
1263-1265 
Consolidated statements, 1082 
Contingent annuity, definition of, 
900 
Contracts, classification of, 1090 
Controlled random samples, 
definition of, 1233 
Conversion 
foreign monies, 1127 
table, preparation of, 1130 
parities, table, 1155 
ratio, bonds, 1153 
Convertible bonds, 1153 
Corrected value, 1247 
Correctness, conceptions of, 1185 
Correlation 
definition cf, 1248 
formulas, 1269 
values, table, 1262 
Cost 
capitalized, 1117 
of insurance, accumulated, 930 
Coupon rate, 1032 
definition of, 1144 
Coverage, interest, calculation of, 
1151 
Credit, 1004, 1007 
Cumulated frequencies, 1189 
Cumulative deduction method, 
1151 
Currencies, relationship of, 1140 
Curve of distribution, 1188 
Curved-line trends, 1228 
Cyclical variation, 1216, 1229 


: D 


Debit, definition of, 1004, 1007 
Debt, bonded, 1152 
Decile range, 1206 
Decimal equivalents of pound, 
table, 1179 
Decreasing 
annuities, 932 
insurances, 935 
Deduction methods, calculation of 
interest, 1151 
Deferred 
annuity 
. finance, 1115 
life insurance, 992 
insurances, 928 
payments, 1114 
whole life annuity, 910 
Depletion, 1051 
Depreciation, 1037 
methods of computing 
annuity, 1047 
arithmetic-progression, 1048 
compound-interest, 1047 
fixed per cent of book value, 


Depreciation, cont’d | 
geometric-progression, 1043 
productive-hours, 1039 
straight-line, 1045 

rate of, 1039 

Determination, coefficient of, 1249 

Determination of income, 1027 

Deviation 

definition of, 1205 
mean, 1208 
standard, 1210 

Diminishing value, 1041 

Discount 

bank, 1014 

bonds, 1149 

cash, 1013 

chain, 1012 

definition of, 1144 
interest-bearing notes, 1017 
trade, 1011 

Dispersion, measures of, 1203 

Distribution curve, 1188 

Dividend 

accrued, 1157, 1182 
definition, 992 
formulas (life insurance), 
S7Sf. 
Double entry, 1005 
Dutch money, conversion of, 1138 


E 


Effective premium (life insurance), 
969 
Effective rate, definition of, 1144 
Elapsed time, definition of, 1016 
Endowment 
insurance, 926 
policy, definition of, 919, 992 
reserve, accumulation, 942 
pure, 914 
English money, conversion of, 1128 
Equilibrium of accounts, 1003 
Equitable Trust Company Rapid 
Bond Table, 1147, 1181 
Equivalence of corresponding life 
insurance formulas, 947 
Error 
extent of, 1234 
probable, 1236 
factors for computing, tables, 
1259-1261 
sampling,1233 
standard, 1234 
of estimate, 1247 
Estimate, standard error of, 1247 
Ewart, Park J., 1089-1121 
Exchange 
arbitrage, 1136 
foreign, 1127 
forward, 1135 
mint par of, 1124 
Executives^ bonuses, 1080 
Expectation of life, definition of, 
992 
Expense allowances, compared, 
961 
Exponential factors, table of, 1266 
Export point, gold, 1127 
Extended insurance, definition of, 
992 
Extended term insurance, 
definition of, 975 
External standard ratio, 1064 


F 


Face value, definition of, 1144 

Fackler's accumulation formula, 
949 

Factor of safety, interest 
coverage, 1152 

Federal taxes, 1086 

Finance, 1089-1140 

Financial Publishing Company 
bond tables, 1146 

Fischer, Carl H., 897-939 

Fisher, Irving, index formulas by, 
1241 

Fixed per cent of book value 
method, 1040 

Florin, conversion of, 1139 

Foreborne annuity, 915 

Foreign monies 
conversion of, 127 
interest on, 1131 

Forward exchange, 1135 

Franc, conversion of, 1125 

French money, conversion of, 1125 

Frequencies, 1189 

Frequency polygon, 1188 

Ful! preliminary term method 
(life insurance), 959 

Functional relationships, 1242 

Future value 
formulas, installment payments, 


installment payments, 1095, 
1100, 11035, 1106, 1109, 
1112, 1113; 1116 

of $1, table, 1169 
for fractional part of period, 

table, 1179 _ 

of payment of $1 per period, 
table, 1173 

Futures, definition of, 1135 


G 
Gain triangle, 1078 
Gaussian curve, 1189 
table, 1255 
General annuity formula, 913 
General insurance formula, 929 
Geometric mean, definition of, 


1198 
Geometric-progression method, 
1043 


Geometric straight-line trend, 1228 
Gold arbitrage, 1142 
Gold points, 1126, 1142 
Graduation, use of, 904 
Graphs, logarithmic, 1199 
Gross premium, definition of, 
919, 992 l 
participating, 978 


H 


Harmonic mean, definition of, 1200 
Histogram, 1187 


Ideal index number formula, 1241 

Illinois : 
method (insurance), 961 
standard (insurance), 963 











Import point, gold, 1127 
income 
determination and valuation, 
1027Ғ. 
taxes, 1086 
Income-statement equation, 996 
Increasing 
annuities, 932 
insurances, 935 
indenture, bond, 1144 
index 
business, 1065 
numbers, 1237ff., 1268 
of correlation, 1249 
of variation, 1220 
ratio, 1067 
initial reserve, 950 
installment finance, 1089-1121 
insurance 
accumulated, cost of, 930 
decreasina, 935 
deferred, 928 
endowment, 926 
formula, general, 929 
increasing, 935 
life, 897-992 
term, 923 
varying, 935 
Interdependent taxes, 1086 
Interest 
arbitrage, 1141 
bank, 1014 
basis for reserves (life 
insurance), 966 
compound, 897, 1021 
formula, 898 
coverage, 1151 
foreign money, 1131 
influence on life insurance, 967 
profit (life insurance), 979 
rate unknown, installment 
payments, 1106ff. 
simple, 1021 
tables, use of, 899 
395, compound, 979 
Internal standard ratio, 1064 
international monetary relations, 
1136-1143 
interpretation of accounts, bases 
for, 1055 
interquartile range, 1205 
Interrelationship of accounting 
statements, 1001 
Interstatement ratios, 1063 
intervals, class, arrangement Ву, 
1187 
inventory, 1028 
Investment 
additional capital, 998 
value of bonds, calculation of, 
1144 
Invoice price, 1011 


4 


Journal, form of, 1008 


K 


Kimball, Reginald Stevens, 
1185-1254 
Kurtosis, definition of, 1215 


Laspeyres' formula, 1240 
Leasehoid, 1035 
Least-squares method, trend, 1224 
Ledaer, form of, 1008 
Legal valuation reserve (life 
insurance), 951 
Leptokurtic, definition of, 1215 
Liability 
account, 1008 
definition of, 993 
Life 
annuity, 897-917 
definition, 992 
temporary, 911 
expectation of, definition of, 
997 
insurance, 897-992 
reserves, 940-977 
table, use of, 903 
Limited policy payment (whole 
life), 921 
Linear correlation, 1249, 1253 
Lira and lire, conversion of, 1132 
List price, 1011 
Loading, definition of, 919, 992 
profit, 979 
Lockwood, Jeremiah, 1071-1087 
Logarithmic graphs, 1199 
Logarithms, Naperian, 1270 
Long bills, definition of, 1133 
Loss, 999 
triangle, 1078 


М 


Margin of safety, interest 
coverage, 1152 
Market 
and mint ratio, 1123 
price, definition of, 1028 
spot, definition of, 1135 
Mathematical basis of accounting, 
993.1052 
Maturity of bonds, definition of, 
1144 
Maximum surrender charges (life 
insurance), 970 
Mean 
arithmetic, 1059, 1192 
geometric, 1198 
harmonic, 1200 
quadratic, 1201 
reserve, 950 
Median, 1059, 1187, 1193 
Methods of analysis, 1060 
business-index, 1065 
ratio, 1062 
sources and application of 
funds, 1068 
trend-percentage, 1060 
Mexican pesos, conversion of, 1130 
Mid-rank method, correlation, 
1250 
Mid-value, definition of, 1193 
Minimum cash-surrender value 
(life insurance), 973 
Minimum extended term insurance, 
977 
Minimum paid-up insurance 
benefits, 974 
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Mint price, 1122 
Modal average, 1059, 1195 
Mode, 1059, 1187, 1195 
Modification methods (life 
insurance) 
Canadian, 965 
full preliminary term, 959 
Illinois method, 961 
Illinois standard, 963 
New Jersey, 965 
Ohio, 965 7 
Modification period, 956 
Modified 
net premium, definition, 992 ғ 
reserves, 954, 992 E 
Money 
and banking, 1122-1140 
foreign 
conversion of, 1127 
interest on, 1131 
Monthly Bond Value Tables, 1146 
Mortality basis for reserves, 966 
Mortality profit (life insurance), 
979 
Mortality table 
American Experience, 984 
Commissioners’ 1941 standard 
ordinary, 989 
construction of, 904 
definition of, 992 
interpretation of, 904 
use of, 903 
Moving average, 1222 
Multiple correlation, 1252 
Multiple regression equation, 1254 


N 


Naperian logarithms, 1270 
Natural logarithms, 1270 
Natural premium, term insurance, 
925 
Nelson, Oscar S., 993-1052 
Nesbitt, C. J., 940-980 
Net 
amount at risk, 951 
asset value, 1152 
level 
expense allowances, 961 
premium reserves, 940 
premium, definition of, 918f., 
992 
prcfit, 1004 
single premium, 924, 931 
worth, 998 
Netherlands, money of, 1138 
New Jersey metnod, insurance 
modification, 965 
New York right, 1167 
Nominal rate, definition of, 1144 
Non-forfeiture benefits (life 
insurance), 968, 992 ё 
Non-linear correlation, 1249, 1253 
Non-participatina insurance, 992 
Normal curve of distribution, 1188 
Notes 
payable, 1017 
гесеіуаЫе, 1017 


О 


Occurrence, probability of, 
table, 1257 
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Ogives, 1189 
Ohio method, insurance 
modification, 965 
Option warrants, 1160 
Ordinary 
annuity certain, 1023 
life policy 
definition of, 992 
reserve accumulation, 942 
whole life, 921 
mortality table, Commissioners’ 
1941 standard, 989 
Over-all deduction method, 1152 


P 


Paid-up insurance 
benefits, minimum, 974 
reduced, 974 
Par 
of exchange, 1124 
value, definition of, 1144 
Parity, 1124 
Part correlation, coefficient of, 
1254 
Partial correlation, 1254 
Participating gross premiums 
(life insurance), 978 
Payment interval, definition of, 
900 
Pence 
conversion of, 1128 
definition of, 1128 
Percentages, 1055 
Percentile range, 1206 
Periodic 
adjustments, 1001, 1027 
interest, calculation of, 1145 
Periods unknown, installment 
payments, 1103, 1105, 1112 
Perpetual installment payments, 
1117 | 
Perpetuity formula, installment 
payments, 1117 
Pesos 
Argentine, conversion of, 1132 
Mexico, conversion of, 1130 
Philadelphia right, 1167 
Physical volume indices, 1241 
Platykurtic, definition of, 1215 
Policy 
anniversary, definition of, 918 
definition (life insurance), 
918,992 . 
holder, definition of, 918 
limited payment (whole life), 
921 
ordinary life, 921 
return of premium, 935, 938 
whole life, 918 _ 
year, definition of, 918 
Pound 
conversion of, 1128 
decimal equivalents of, table, 
1179 x = 
Premium (life insurance) 
adjusted, 970 
annual 
endowment, 927 
term, 925 
whole life, 920 


Premium (life ins.), cont'd 


definition, 992, 1135 
effective, 969 
gross, definition of, 919, 992 
natural, 925 
net, 919 — 
net single, 924 
participating gross, 978 
relationship, 931 
reserves, 940 
return of, 935, 938 
single 
endowment, 926 
whole life, 919 
Present value 
formulas, 1093 
installment payments, 1098, 
1102, 1105, 1107, 1109, 
1112, 1113, 1116 
of annuity, 900 
of $1, table, 1171 
of payment of 51 per period, 
table, 1175 
Price 
catalogue, 1012 
cost, 1029 
index, simple aggregative, 1239 
invoice, 1011 
list, ?011 
market, 1029 
mint, 1122 
profit and loss relationships, 
1074 
relatives, weighted average, 
1240 . 
Principal, definition of, 1015 
Prior deduction method, 1151 
Probability of occurrence, table, 
1257 
Probable error, 1236 
factors for computing, tables, 
1259-1261 
Product moment method, 1250 
Productive-hours method, 1039 
Profit 
cnd loss analysis, 1071 
loading (life insurance), 979 
price and coiumn relationships, 
1074 
Proprietorship equation, 998 
Prospective reserve formulas 
(life insurance), 946 
Purchase price of bonds, 
calculation of, 1144 
Pure endowment, 914 
Purposive samples, 1233 


Q 


Quadratic mean, definition of, 
1201 

Quartile deviation, definition of, 
1205 


R 


Random 
samples, 1233 
variation, 1216 
Range 
decile, 1206 
definition of, 1204 
interquartile, 1205 
percentile, 1206 


Rank order correlation, 1251 
Rate 
cable, 1132 
depreciation, 1039 
interest, 1015, 1144 
Ratio, 1058 
comparative, 1064 
conversion, bonds, 1153 
current, 1062 
interstatement, 1063 
method of analysis, 1062 
standard, 1064 
turnover, 1063 
Reciprocal 
definition of, 1201 
table, 1256 
Reduced paid-up insurance, 974 
Regression 
equation, multiple, 1254 
formulas, 1269 
line, 1245 
Relationships of volume, price, 
and profit, 1074 
Relative dispersion, 1212-1216 
Relatives, price 
average of, 1241 
weighted average, 1240 
Renewal premium, definition of, 
992 
Rent 
paid at beginning of period, | 
1112 , 
unknown, 1100, 1102, 1109, 1112 
Reserve accumulation tables 
five-year endowment insurance, 
942 
five-year term insurance, 942 
ordinary life insurance, 943 
Reserve 
definition of, 992 
formulas 
prospective, 946 
retrospective, 943 
initial, 950 
legal valuation, 951 
mean, 950 
Reserves 
bases for (life insurance), 967 
life insurance, 940-977 
modified, 954 
net level premium, 940 
variation of (life insurance) 
967 
Retrospective reserve formulas, 943 
Return of premium policies, 
935, 938 
Risk, net amount at, 951 
Robinson-Patman Act, effect on 
prices, 1012 
Rule of debit and credit, 1007 


S 


Safety, factor of, interest 
coverage, 1152 

Sale of assets, 999 

Sampling, 1232 
error, 1233 

Scatter diagram, 1244 

Scrap value, 1038 

Secular trend, 1216, 1221 

Securities markets, mathematics 
of, 1144-1154 

















Semi-averages, 1222 
Shares, asset (life insurance), 968 
Shillings, conversion of, 1128 
Short bills, definition of, 1133 
Sigma, definition of, 1210 
Simple aggregative price index, 
1239 
Simple average, physical volume 
index, 1241 
Simple interest, 1021 
Single premium 
endowment insurance, 926 
net, term insurance, 924 
whole life, 919 
Sinking-fund 
accumulatíon, 1025 
factors, table of, 1177 
method, 1045 
plan, installment payments, 1121 
Skewness, definition of, 1212 
Small samplet table, 1257 
Smoothing 
curves, 1188 
figures, 1054 
Solvency, 1062 
Sources and application of funds 
method of analysis, 1068 
Spearman formulas, correlation, 
1250 
Specialized accounting formulas, 
1071-1087 
Spot market, definition of, 1135 
Sprague tables, 1145, 1180 
Standard 
deviation, 1210 
error, 1234 
of estimate, 1247 
ordinary mortality table, 
Commissioners’ 1941, 989 
ratios, 1064 
symbols (life insurance), 945 
State taxes, 1086 
Statement analysis, pre-requisites 
for, 1053 
Statements, consolidated, 1082 
Statistical formulas, 1267 
Statistics, mathematics of, 
1185-1254 
Sterling, conversion to, 1128 
Stock purchase warrants, 1160 
Stock rights, 1166 
Straight-line 
method 
amortization, 1036 
depreciation, 1038 
regression, 1245 
Stratified random samples, 
definition of, 1233 
Surplus 
account, 995 
definition, 992 
Surrender 
charges, maximum (life 
insurance), 970 
definition, 992 
value, cash (life insurance), 972 
Symbols, standard (life 
insurance), 945 


T 


t table, smail samples, 1257 


Tables and formulas 


accrued dividend, 1182 
adjustment factors, calendar, 1256 
American erperience . 
commutation, 986 
imortality, 984 
amortization factors, 1177 
annuity due, whole life, 983 
area under Gaussian curve, 1255 
calendar, adjustment factors, 
1256 
chi table, 1258 
commutation columns 
American experience, 986 
interest at 396, 990 
compound interest, 396, 982 
computational values, 1263 
correlation formulas, 1269 
decimal equivalents or pound, 
1179 
dividend, accrued, 1182 
Equitable bond, 1181 
exponential functions, 1266 
function, Gaussian, values of, 
1255 
future value 
of $1 
for fraction of period, 1179 
_ for period, 1169 
of payment of $1, 1173 
index numbers, 1268 — - 
interest at 396, 990 
interest, compound, 3%, 982 
logarithms, Naperian, 1270 
mortality, American experience, 
984 
Naperian logarithms, 1270 
natural logarithms, 1270 
pound, десітсі equivalénts, 1179 
premiums, annual, 988 
present value 
of $1, 1171 
of payment of $1, 1175 
probable error 
factors for, 1259 
of median, 1260 
of product moment coefficient, 
1261 
probability of occurrence, 1257 
reciprocals, 1256 
regression formulas, 1269 
sinking-fund factors, 1177 
smali samples, 1257 
Sprague, 1180 
statistical formulas, 1267 
t table, 1257 
valuation columns, insurance, 988 
whole life annuity due, 983 
Tallying, 1186 
Taxes 
federal, 1086 
income, 1086 
interdependent, 1086 
state, 1086 
Temporary life annuity, 911 
Term insurance, 923 
extended, 975 
policy, 992, 919 
reserve accumulation, 942 
Terminated 
annuity, 1115 
payments, 1114 
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Time bills, 1133 

Time, definition of, 1015 

Time series, 1216 

Total deduction method, 1152 

Total value, index of, 1240 

Trade discounts, 1011 

Transactions, effect on accounts, 
1006 


` Trefftzs, Kenneth Lewis, 1122-1156 
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